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Abstract In this paper, we consider the well-known resource-constrained project schedul-
ing problem. We give some arguments that already a special case of this problem with a
single type of resources is not approximable in polynomial time with an approximation ratio
bounded by a constant. We prove that there exist instances for which the optimal makespan
values for the non-preemptive and the preemptive problems have a ratio of O(logn), where
n is the number of jobs. This means that there exist instances for which the lower bound of
Mingozzi et al. has a bad relative error of O(logn), and the calculation of this bound is an
NP-hard problem. In addition, we give a proof that there exists a type of instances for which
known approximation algorithms with polynomial time complexity have an approximation
ratio of at least equal to O(

√
n), and known lower bounds have a relative error of at least

equal to O(logn). This type of instances corresponds to the single machine parallel-batch
scheduling problem 1|p − batch, b = ∞|Cmax.

Keywords Project scheduling · Makespan · Lower bounds · Upper bounds

1 Introduction

Problem RCPSP may be formulated as follows. A set N = {1,2, . . . , n} of jobs is given.
A constant amount (quantity) of Qk > 0 units of resource k, k = 1,2, . . . ,K , is available at
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any time. Job j ∈ N has to be processed for pj ≥ 0 time units without preemption. During
this period, a constant amount (quantity) of qjk ≥ 0 units of resource k is used. Furthermore,
finish-start precedence relations i → j are defined between the jobs according to an acyclic
directed graph G. The objective is to determine the starting time Sj for each job j , j =
1,2, . . . , n, in such a way that:

– at each time t , the total resource demand is less than or equal to the resource availability
for each resource type;

– the given precedence relations are fulfilled and
– the makespan Cmax = maxn

j=1 Cj , where Cj = Sj + pj , is minimized.

We use the same notations as in Brucker and Knust (2006), except the notations Qk and
qjk . In that book, the authors use the symbols Rk and rjk . However, usually the symbol r is
used to denote the release time of a job and in order to avoid any confusion, we will use the
symbols Q and q .

There is a theoretical evidence for the claim that resource-constrained project scheduling
problems belong to the most intractable problems in operations research. It has a variety
of applications in manufacturing, production planning, and project management. Therefore,
it has become a popular playground for the latest optimization techniques. To find good
solutions, various classes of algorithmic approaches have been developed.

Surveys about new results for the RCPSP are published periodically (see e.g. Kolisch
and Padman 2001). There exists a special electronic library PSPLIB (Kolisch and Sprecher
1996) of experimental data to test solution algorithms for this problem. One of the best exact
solution algorithms is a branch-and-bound algorithm by Brucker et al. (1998). An experi-
mental analysis of some heuristics has been done in Hartmann and Kolisch (2000), Kolisch
and Hartmann (1998, 2006). A solution algorithm for the special case with preemptions has
been proposed in Demeulemeester and Herroelen (1996). It is known that in the general
case, RCPSP is not in APX, where APX is the class of optimization problems that allow
polynomial-time approximation algorithms with an approximation ratio bounded by a con-
stant. This can be proved by a reduction from the graph coloring problem to a special case of
the RCPSP with a large number of types of resources (Uetz 2002) (in this paper, ‘number of
types of resources’ and ‘number of resources’ means the same). However, this special case
is rather specific and does not correspond to practical situations.

The branch-and-bound algorithm by Brucker et al. (1998) can efficiently solve the major-
ity of instances with up to 60 jobs. However, real-world projects contain hundreds of jobs.
This algorithm, which is one of the best known exact solution algorithms, uses the lower
bound of Mingozzi et al. (1998) (see Sect. 4 of this paper). Moreover, in Brucker and Knust
(2006), the authors propose some dispatching rules to compute upper bounds. Thus, in this
paper, we use the upper and lower bounds from Brucker and Knust (2006) to support our
conjecture that the RCPSP with a single resource is not in APX.

Let C∗
max be the optimal value of the objective function for the problem when preemp-

tions are not allowed and C∗
max(pmtn) be the optimal value when preemptions are allowed.

Without loss of generality we consider an augmented RCPSP with two dummy jobs 0 and
n + 1, where p0 = pn+1 = 0, q0k = qn+1,k = 0 for each resource k = 1,2, . . . ,K , and there
are precedence relations between each triplet of jobs 0 → j → n + 1, j = 1,2, . . . , n. Let
UB be an upper bound on the optimal makespan value C∗

max, e.g., UB = ∑n

i=1 pi . Define
the time window [ri, di] for each job i ∈ N as follows:

r0 = 0, ri = max
j |(j→i)∈G

{rj + pj }, i = 1,2, . . . , n + 1;
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dn+1 = UB, di = min
j |(i→j)∈G

{dj − pj }, i = n,n − 1, . . . ,0.

According to the well-known Serial Schedule Generation Scheme (SSGS), the starting
times of the jobs are determined by the following algorithm.

Algorithm LS (List Scheduling)

1. Let EL be the set of all jobs without predecessors and Qk(τ) := Qk for all τ, k =
1,2, . . . ,K .

2. If EL = ∅, then goto 10;
3. Choose one job j ∈ EL;
4. If j = 0, then t := 0 else t := maxi|i→j {Si + pi};
5. If there exists a resource k for which qjk > Qk(τ) for some τ ∈ [t, t +pj ), then calculate

the minimal value tk > t such that job j may be processed in the interval [tk, tk + pj ) if
we consider only resource k else goto 7;

6. t := tk and goto 5;
7. Schedule job j in the interval [Sj ,Cj ) = [t, t + pj );
8. Update the current resource profiles by setting Qk(τ) := Qk(τ) − qjk for all k =

1,2, . . . ,K and τ ∈ [t, t + pj );
9. EL := EL \ {j}. Add to EL all successors i /∈ EL of job j for which all predecessors

have been scheduled and goto 2;
10. STOP.

If for a job j , the processing time pj is equal to 0, we consider the intervals [t, t] and
[Sj ,Cj ] = [t, t] under the assumption that qjk = 0 for k = 1,2, . . . ,K .

There exists a sequence of choices of jobs j ∈ EL in Step 3 which leads to an optimal
schedule. We consider different dispatching rules (priority-based heuristics) to choose a job
which are given in Table 1. In the last column, we give the approximation ratios for the
particular rules which are proven in this paper.

In the rules EST, ECT, LST and LCT, ri denotes the earliest starting time of job i, ri +pi

is the earliest completion time, di denotes the latest completion time, and di −pi is the latest
starting time, where ri and di are computed by the algorithm described above.

DEST is the dynamic version of the EST rule, i.e., the values ri are computed after each
step of Algorithm LS. Here ri is the earliest starting time at which one can begin to process
job i, if we take into account the jobs already scheduled. DECT is the dynamic version of
the ECT rule, i.e., the values di are computed after each step of Algorithm LS. Here di is
the earliest completion time of job i, if we take into account the jobs already scheduled.

In this paper, we consider only the special case of the problem with a single resource 1
and an amount of the resource Q1. Sometimes, we will also use the notations qi = qi1 and
Q = Q1. Even for this case, we get only negative approximability results.

The rest of this paper is organized as follows. In Sect. 2, we analyze upper and lower
bounds for special cases of the RCPSP. Then, in Sects. 3 and 4, upper and lower bounds for
the general case are investigated. In Sect. 5, we give some remarks about the approximability
of the RCPSP. An NP-hardness proof for a badly approximable special case of the RCPSP
is presented in Sect. 6.

2 Upper and lower bounds for special cases

In this section, we consider three special cases of the RCPSP with a single type of resources
(i.e., with a single resource).
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Table 1 Dispatching rules (priority-based heuristics)

Notation Description Approxim.
ratio

job-based

SPT choose a job with the smallest processing time O(n)

LPT choose a job with the largest processing time O(n)

network-based

MIS choose a job with the most immediate successors O(
√

n)

LIS choose a job with the least immediate successors O(
√

n)

MTS choose a job with the most total successors O(
√

n)

LTS choose a job with the least total successors O(
√

n)

GRPW choose a job with the greatest rank positional weight, i.e.,
with the largest total processing time of all successors

O(
√

n)

critical path-based

EST choose a job with the smallest earliest starting time O(n)

ECT choose a job with the smallest earliest completion time O(n)

LST choose a job with the smallest latest starting time O(n)

LCT choose a job with the smallest latest completion time O(n)

MSLK choose a job with the smallest slack di − ri − pi , O(n)

MW choose a job with the smallest window di − ri , O(n)

DEST (Dynamic EST) choose a job with the smallest earliest starting time O(n)

DECT (Dynamic ECT) choose a job with the smallest earliest completion time O(
√

n)

resource-based

GRR choose a job with the greatest resource requirements O(n)

Strip-packing problem. Given a horizontal strip of height Q1, and a list L of rectangular
pieces {1,2, . . . , n}, pack the pieces into the strip such that the width SPP to which the strip
is filled is as small as possible. The pieces are not allowed to overlap. We also assume that
each piece i ∈ L is defined by its width pi and height qi1.

For the special case PMS (Parallel machine scheduling), we have qi = 1 for i =
1,2, . . . , n and Q1 = m ∈ Z, where m is the number of machines.

For the special case LSPP (like a Strip packing problem), we have an empty graph of
precedence relations. This special case of the RCPSP is similar to the strip packing problem.

For the special case UPT (Unit processing time), we have pi = 1 for i = 1,2, . . . , n.
All three special cases are NP-hard in the strong sense and in APX. Moreover, for each

of them, there exist lower bounds with a relative error bounded by a constant, which are
summarized in Table 2. Upper bounds for special cases are obtained by Algorithm LS. In
this table, CP denotes the length of a critical path in the precedence graph G. We note that
for the LSPP, it has been shown in Lazarev and Gafarov (2008), Gafarov et al. (2010) that

C∗
max ≤ Cmax(LSDEST) ≤ 2

∑n

i=1 piqi

Q1
+ pmax,

where
∑n

i=1 piqi

Q1
and pmax are lower bounds for C∗

max, and Cmax(LSDEST) is the objective
function value of a schedule obtained by Algorithm LS according to dispatching rule DEST .
It is known (Rykov 2006) that, if we consider instances with the same parameters, for two
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Table 2 Lower and upper bounds for special cases

Special
case

Upper bound Lower bound NP-hardness.
Reduction
from

PMS Dispatching rule: any C∗
max <

∑n
i=1 pi
m + CP. Clique

(if pj = 1)

Approx. ratio is less than 2
(Lawler et al. 1989)

Relative error of

LB = max{
∑n

i=1 pi
m ,CP} is less than 2

(Lawler et al. 1989)

Partition
(if m = 2)

LSPP Dispatching rule: DEST C∗
max < 2 · LB =

2 max{
∑n

i=1 piqi

Q1
,pmax}.

Bin-packing
(if pj = 1)

Approx. ratio is less than 3
(Lazarev and Gafarov 2008;
Gafarov et al. 2010)

Relative error of LB is less than 2
(Lazarev and Gafarov 2008;
Gafarov et al. 2010)

Partition
(if qj = 1)

UPT Dispatching rule: EST C∗
max < 2(

∑n
i=1 qi

Q1
+ CP). Bin-packing

Approx. ratio is less than 4
(Gafarov et al. 2010)
(Sect. 2)

Relative error of

LB = max{
∑n

i=1 qi

Q1
,CP} is less than 4

(Gafarov et al. 2010) (Sect. 3)

Clique
(if qj = 1)

optimal solutions of the LSPP and the SPP (Strip Packing Problem) we have the relation

1 ≤ SPP∗

LSPP∗ ≤ 2.7,

where LSPP∗ and SPP∗ are the optimal objective function values. For the Strip packing
problem, it is known that

SPP∗ ≤ 2 max

{∑n

i=1 qi · pi

Q1
,pmax

}

.

The proof was given in Martello et al. (2003) (which is based on a result from Steinberg
(1997)). For UPT, approximability results with detailed but rather long proofs have been
presented in Gafarov et al. (2010).

3 Upper bounds for the general case

In this section, we consider classical dispatching rules to select a job in Step 3 of Algorithm
LS. We use the same list of rules as in Brucker and Knust (2006) (see Table 1, where the
rules DEST and DECT are mentioned in addition).

We denote by Cmax(LSa) the objective function value of a schedule obtained by Algo-
rithm LS according to dispatching rule a. Here we show that for each of these dispatching
rules, there exists an instance for which we have

Cmax(LSa)

C∗
max

= O(n)
(
or O(

√
n)

)
.
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Fig. 1 Dispatching rules

Lemma 1 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(n), a ∈ {SPT,LPT}.

Proof We consider the instance from Fig. 1 (1. SPT, LPT). We have h chains of jobs ai →
bi → ci, i = 1,2, . . . , h. For each job bi, i = 1,2, . . . , h, we have pbi

= p − ε(i − 1),
qbi

= 1. For each job ai, i = 1,2, . . . , h, we have pai
= ε(h − i + 1), qai

= h. For each job
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ci, i = 1,2, . . . , h, we have pci
= ε(h − i + 1), qci

= h, where h2ε 
 p (here and in the
following, we assume ε = 1/(n · p)n, p ∈ Z+) and Q1 = h.

For this instance, an optimal schedule corresponds to a sequence

π = (a1, a2, . . . , ah, b1, b2, . . . , bh, c1, c2, . . . , ch)

of job choices but for the dispatching rule SPT, we get the sequence

πSPT = (ah, ah−1, . . . , a1, bh, ch, bh−1, ch−1, . . . , b1, c1)

of choices, i.e., all jobs b1, b2, . . . , bh are processed successively without overlapping. Thus,
we get C∗

max = 2(h + (h − 1) + · · · + 1)ε + p and Cmax(LSSPT) = 2(h + (h − 1) + · · · +
1)ε + p + (p − ε) + (p − 2ε) + · · · + (p − (h − 1)ε). Therefore, we obtain

lim
ε→0

Cmax(LSSPT)

C∗
max

= h = n

3
.

In an analogous way, we may consider the sequence

πLPT = (a1, b1, c1, a2, b2, c2, . . . , ah, bh, ch)

of job choices. �

We denote as the reverse instance an instance in which the orientation of all arcs in the
precedence graph is opposite but the remaining data of the instance are the same. We have
to note that the instance from Lemma 1 is also bad for the reverse instance, i.e., if we use
this dispatching rule for the reverse instance, then the approximation ratio remains the same.
All other instances presented in this paper have this property, too.

The proof of the remaining upper bounds is similar for each of the dispatching rules
mentioned above. We prove that for each rule a in a corresponding schedule πa for a par-
ticular instance, all ‘long’ jobs are processed successively without overlapping and as a
consequence, the approximation ratio is approximately equal to O(n) (or O(

√
n)). Thus,

for the following lemmas, we present short proofs in which only the parameters of the jobs,
an optimal sequence π∗ and the sequence πa are described. The complete proofs (which are
rather technical and require 1.5 pages more) have been given in Gafarov et al. (2010).

Lemma 2 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(n), a ∈ {EST,LST,ECT,LCT}.

Proof We consider the static versions of these rules, i.e., the values ri, di are computed
only once before the use of Algorithm LS. Let us consider the instance given in Fig. 1
(EST, ECT, LST, LCT). We have h chains of jobs ai → bi → ci → ei → fi , i = 1,2, . . . , h.
For each job bi, ei , i = 1,2, . . . , h, we have pbi

= pei
= ε, qbi

= qei
= h. For each job

ai, fi, i = 1,2, . . . , h, we have pai
= pfi

= 2ε(h − i + 1), qai
= qfi

= 1. For each job
ci, i = 1,2, . . . , h, we have pci

= p, qci
= 1, where h2ε 
 p and Q1 = h. We get

π∗ = (a1, a2, . . . , ah, b1, b2, . . . , bh, c1, c2, . . . , ch, e1, e2, . . . , eh, f1, f2, . . . , fh), πEST =
(a1, a2, . . . , ah, bh, ch, eh, fh, bh−1, ch−1, eh−1, fh−1, . . . , b1, c1, e1, f1) and πLST = (a1, b1,

c1, e1, f1, . . . , ah, bh, ch, eh, fh).



Ann Oper Res

For a ∈ {ECT,LCT}, we have pci
= p − 4(i − 1)ε. We get π∗ = (a1, a2, . . . , ah, b1, b2,

. . . , bh, c1, c2, . . . , ch, ck, e1, e2, . . . , eh, f1, f2, . . . , fh), πECT = (ah, bh, ah−1, bh−1, . . . , a1,

b1, ch, eh, fh, ch−1, eh−1, fh−1, . . . , c1, e1, f1) and πLCT = (a1, b1, c1, e1, f1, . . . , ah, bh, ch,

eh, fh) �

Lemma 3 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(n), a ∈ {MW,MSLK,GRR}.

Proof We consider the instance from Fig. 1 (3. MW, MSLK, GRR). We have h chains
of jobs ai → bi → ci, i = 1,2, . . . , h. For each job bi, i = 1,2, . . . , h, we have pbi

=
p+(h− i)ε, qbi

= 1+ iε. For each job ai, ci , i = 1,2, . . . , h, we have pai
= pci

= iε, qai
=

qci
= h + 1, where ε < 1/h2 and Q1 = h + 1.
We get π∗ = (a1, a2, . . . , ah, b1, b2, . . . , bh, c1, c2, . . . , ch), πMW = (ah, ah−1, . . . , a1,

bh, ch, bh−1, ch−1, . . . , b1, c1) since dah
− rah

= · · · = da1 − ra1 = UB − (p + hε), dbh
−

rbh
= UB − 2hε < dbh−1 − rbh−1 = UB − 2(h − 1)ε < · · · < db1 − rb1 and dch

− rch
=

UB − p − hε < dbh−1 − rbh−1 < · · · < db1 − rb1 , and so on. Moreover, we obtain πMSLK =
(ah, bh, ch, ah−1, bh−1, ch−1, . . . , a1, b1, c1), where dai

− rai
− pai

= dbi
− rbi

− pbi
= dci

−
rci

− pci
for i = 1,2, . . . , h and πGRR = (a1, a2, . . . , ah, bh, ch, bh−1, ch−1, . . . , b1, c1). �

Lemma 4 There exists an instance of the RCPSP for which

Cmax(LSDEST)

C∗
max

= O(n).

Proof We consider the instance from Fig. 1 (4. DEST). We have a tree of jobs which con-
tains subsets of jobs {ai, bi, ci , ei}, ai → ei → b1, ai → ci, i = 1,2, . . . , h, ci → ai+1, i =
1,2, . . . , h − 1. For each job bi, i = 1,2, . . . , h, we have pbi

= p, qbi
= 1. For each job

ai, i = 1,2, . . . , h, we have pai
= ε, qai

= h. For each job ci, i = 1,2, . . . , h, we have
pci

= 2ε, qci
= ε. For each job ei, i = 1,2, . . . , h, we have pei

= ε, qei
= ε. The prece-

dence relations are given in Fig. 1. We assume h2ε 
 p and Q1 = h.
We get π∗ = (a1, c1, e1, a2, c2, e2, . . . , ah, ch, eh, b1, b2, . . . , bh) and πDEST = (a1, c1,

e1, b1, . . . , ah, ch, eh, bh). �

Lemma 5 There exists an instance of the RCPSP for which

Cmax(LSDECT)

C∗
max

= O(
√

n).

Proof We consider the instance from Fig. 1 (5. DECT). We have h independent sets of
jobs such that the i-th set contains the set of jobs {ai, bi}⋃

Ci, ai → bi, ai → Ci , where
|Ci | = h + 1, Ci = {j i

1, . . . , j
i
h+1}, i = 1,2, . . . , h. For each job bi, i = 1,2, . . . , h, we have

pbi
= p, qbi

= 1. For each job ai, i = 1,2, . . . , h, we have pai
= 2 p

h
, qai

= h + 1. For each
job c ∈ Ci, i = 1,2, . . . , h, we have pc = p

h
, qc = 1

h
. Moreover, let Q1 = h + 1.

We get π∗ = (a1, a2, . . . , ah, b1, b2, . . . , bh,C1,C2, . . . ,Ch) and πDECT = (a1,C1,

b1, a2,C2, b2, . . . ). �
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Lemma 6 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(
√

n), a ∈ {MIS,LIS}.

Proof We consider the instance from Fig. 1 (6. MIS, LIS). We have h independent sets of
jobs, each of them includes a chain bi → ci and the subsets DBi,DCi, i = 1,2, . . . , h,
where bi → DBi and ci → DCi . The notation j → Xi means that for all l ∈ Xi , we have
j → l. In addition, we have |DBi | = (i − 1), |DCi | = i for i = 1,2, . . . , h. For all jobs l

from these subsets, we have pl = ε, ql = ε.
For each job bi , i = 1,2, . . . , h, we have pbi

= p + (h − i)ε, qbi
= 1. For each job ci ,

i = 1,2, . . . , h, we have pci
= ε, qci

= h, where h2ε 
 p and Q1 = h.
We get π∗ = (b1, b2, . . . , bh, c1,DC1,DB2,DB3, . . . ,DBh, c2, c3, . . . , ch,DC2, . . . ,

DCh) and πMIS = (bh, ch, bh−1, ch−1, . . . , b1, c1,DB2, . . . ,DBh,DC1,DC2, . . . ,

DCh).
For rule LIS, we have pbi

= p − (h − i)ε, i = 1,2, . . . , h, and qbi
as before. We get

πLIS = (b1, c1,DC1, b2,DB2, c2,DC2, b3,DB3, c3,DC3, . . . , bh,DBh, ch,DCh).
It is easy to construct an analogous instance with a symmetric graph of precedence rela-

tions (see the idea in the proof of Theorem 1 later). �

Lemma 7 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(
√

n), a ∈ {MTS,LTS,GRPW}.

Proof We can prove this lemma in an analogous way as Lemma 6. For an illustration, see
Fig. 1 (7. MTS, LTS, GRPW). We have h independent sets of jobs, each of them includes a
chain ai → bi → ci and the subsets Di,DCi, i = 1,2, . . . , h, where Di → ai and ci → DCi

and |DCi | = |Di | = 2(i − 1), i = 1,2, . . . , h. For all jobs l from these subsets, we have
pl = ε, ql = ε.

For each job bi, i = 1,2, . . . , h, we have pbi
= p + (h − i)ε, qbi

= 1. For each job
ai, ci, i = 1,2, . . . , h, we have pai

= pci
= ε, qai

= qci
= h, where h2ε 
 p and Q1 = h.

We get π∗ = (D1, . . . ,Dh, a1, . . . , ah, b1, . . . , bh, c1, . . . , ch,DC1, . . . ,DCh) and πMT S =
(Dh, ah, bh, ch,Dh−1, ah−1, bh−1, ch−1, . . . ,D1, a1, b1, c1,DC1,DC2, . . . ,DCh).

For rule LTS, we have pbi
= p − (h − i)ε, i = 1,2, . . . , h, and qbi

as before. �

We can present the following result.

Theorem 1 There exists an instance of the RCPSP for which

Cmax(LSa)

C∗
max

= O(
√

n)

holds for all dispatching rules a mentioned above.

Proof We construct such an instance as follows. The instance contains the subsets of jobs
N1,N2, . . . ,N10. Each subset of jobs Ni, i = 1,2, . . . ,10, corresponds to the instance from
Lemmas 1–7 (in Lemmas 2, 6 and 7, we have altogether six instances). In each subset
Ni, i = 1,2, . . . ,10, we have h jobs with long processing times approximately equal to p.
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In addition, we have 9 dummy jobs o1, o2, . . . , o9 such that for all j ∈ Ni and l ∈ Ni+1,
i = 1,2, . . . ,9, we have j → oi → l.

Then, in an optimal schedule, the long jobs from the same subset are processed in parallel.
However, if we use any of the above dispatching rules for this instance, we have a subset Ni ,
where the long jobs are processed successively without overlapping. �

4 Lower bounds for the general case

From Lazarev and Gafarov (2008), it is known that well-known ‘polynomial’ lower bounds
on the optimal objective function value of the problem have ‘bad’ approximation ratios.

Let CritP (Critical Path) be a chain of jobs (vertices in the graph of precedence relations)
with the maximal total processing time, i.e., the maximal sum of the processing times of the
jobs from this chain. CP denotes the total processing time of CritP, and j ∈ CritP denotes a
job j from CritP.

Denote LB0 = CP. It is evident that LB0 is a lower bound for the optimal objective func-
tion value C∗

max. Denote

LB1 =
n∑

j=1

qjkpj/Qk

and

LBS = CP + max
j /∈CritP

{
max{pj − ej ,0}},

where ej is the maximum length of an interval contained in [rj , dj ], in which job j can be
simultaneously processed with the activities from a critical path CritP without violating the
resource constraints.

It is known (Lazarev and Gafarov 2008) that there exists an instance for which C∗
max

LB0
= n.

Moreover, there exists an instance for which C∗
max

LB1
= n, and there exists an instance for which

C∗
max

LBS
= n/2.

In Mingozzi et al. (1998), Uetz (2002), Bianco and Caramia (2011), Carlier and Neron
(2003), specific algorithms have been presented for the calculation of lower bounds. One of
these bounds is the lower bound given by Mingozzi et al. (1998).

4.1 Lower bound given by Mingozzi et al.

We consider a linear programming formulation that partially relaxes the precedence relations
and allows preemption. The columns of this linear program LP correspond to so-called
non-dominated feasible subsets. A feasible set X is a set of jobs that may be processed
simultaneously, i.e., there are no precedence relations between any pair of i, j ∈ X and all
resource constraints are satisfied (i.e.,

∑
i∈X qik ≤ Qk for k = 1,2, . . . ,K). Such a set is

called non-dominated if it is not a proper subset X of another feasible set Y . We consider all
non-dominated feasible sets and in addition all one-element sets {i} for i = 1,2, . . . , n.

We denote all these sets by X1,X2, . . . ,Xf , where f is the number of such sets, and
associate with each set Xj an incidence vector aj ∈ {0,1}n defined by a

j

i = 1 if i ∈ Xj , and
a

j

i = 0 otherwise, j = 1,2, . . . , f .
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Furthermore, let xj be a variable denoting the number of time units over which all jobs
in Xj are processed in parallel. Then the following linear program problem provides a lower
bound LBM for the RCPSP by relaxing the precedence relations and allowing preemption:

f∑

j=1

xj −→ min

s.t.
f∑

j=1

a
j

i xj ≥ pi, i = 1,2, . . . , n;

xj ≥ 0, j = 1,2, . . . , f.

It is known that the calculation of LBM is an NP -hard problem (by a reduction from the
well-known NP -hard ‘Bin packing’ problem) (Lazarev and Gafarov 2008), and there exist
instances for which C∗

max
LBM

≈ 2 (see Gafarov et al. 2010, Lemma 13).
In Lazarev and Gafarov (2008), there was given a conjecture that C∗

max < 2 ·C∗
max(pmtn).

This conjecture is true for the special cases PMS, LSPP and for a special case, for which
there are only one or two preempted jobs in an optimal schedule for the RCPSP with pre-
emptions. However, the conjecture is false for the general case.

Theorem 2 There exists an instance of the RCPSP for which

C∗
max

C∗
max(pmtn)

= O(logn).

Proof We consider an instance of the type given in Fig. 2(a). For this instance, we have
m + 1 levels of jobs. At the highest level, we have a job j 1

1 with processing time Mp, at the
second highest level, we have two jobs j 2

1 and j 2
2 with processing times M

2 p, at level h, h =
2,3, . . . ,m, we have 2h−1 jobs jh

i , i = 1,2, . . . ,2h−1, with processing time pjh
i

= M

2h−1 p,

and so on. At the lowest level, we have a chain of short and very short jobs e1 → jm+1
1 →

e2 → jm+1
2 → ·· · → eM → jm+1

M → eM+1, where pei
= ε, qei

= m+1, i = 1,2, . . . ,M+1,
and p

jm+1
i

= p, q
jm+1
i

= 1, i = 1,2, . . . ,M . For each job jh
i of level h, h = 2,3, . . . ,m,

we have pjh
i

= M

2h−1 p, qjh
i

= 1. At each level h, h = 2,3, . . . ,m, we have a chain of jobs

e1 → jh
1 → e M

2h−1 +1 → jh
2 → e2 M

2h−1 +1 → ·· · → jh

2h−1 → eM+1. Some of these precedence

relations are illustrated in Fig. 2(a). For this instance, we have (M + 1)ε 
 p (e.g. ε =
1/((M + 1)p)2, p ∈ Z+). In addition, we have Q1 = m + 1 = qei

i = 1,2, . . . ,M + 1, and
M = 2m. By dotted lines, we separate the jobs which will be processed in parallel in an
optimal schedule for the non-preemptive problem.

In Fig. 2(b), for such an instance with only m+1 = 6 levels, we give the resulting optimal
solution. For this instance, we obtain C∗

max(pmtn) = 32p + 33ε and C∗
max = 112p + 33ε.

For the general case, we have C∗
max(pmtn) = Mp+ (M +1)ε and C∗

max = Mp+ m
2 Mp+

(M + 1)ε. Hence, we obtain

C∗
max

C∗
max(pmtn)

≈ m + 2

2
.
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Fig. 2 An instance for
illustrating Theorem 2

Let us now express m by means of n. We have 2m = M . There are M + 1 jobs ei in the
last level and 2h−1 jobs jh

i in each level h = 1,2, . . . ,m + 1. Then

n = 2M + 1 + 1 + 2 + · · · + 2m−1 = 2M + 1 + 2m − 1 = 2 · 2m + 2m = 3 · 2m
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from which we obtain

m = log
n

3
.

Therefore, we get

C∗
max

C∗
max(pmtn)

≈ m + 2

2
= logn − log 3 + 2

2
. �

Corollary 1 Given a set {LB1,LB2, . . . ,LBl} of lower bounds based on the preemption of
the jobs, it follows from LBk ≤ C∗

max(pmtn), k = 1,2, . . . , l, that there exists an instance for

which C∗
max

LBk = O(logn), k = 1,2, . . . , l.

Obviously, this also holds for the lower bound by Mingozzi et al., i.e., there exists an
instance of the RCPSP for which C∗

max
LBM

= O(logn) since LBM ≤ C∗
max(pmtn), and we can

formulate the following result:

Theorem 3 There exists a type of instances of the RCPSP for which

C∗
max

LBM

= O(logn),

and the calculation of LBM for this type is an NP-hard problem.

The idea of constructing such instances is not difficult. This instance contains two subsets
of jobs N1 and N2. The jobs from the first subset correspond to the instance illustrated in
Fig. 2(a), where Q = m + 1 and |N1| = n. In the set N2, we have n independent jobs with
unit processing times pj = 1 and

∑
j∈N2

qj = 2m + 2. In addition, we have a dummy job o1

such that j → o1 → l for all j ∈ N1, l ∈ N2. We can present a reduction from the partition
problem to the problem of calculating LBM for this type of instances. The partition problem
is as follows. Given is a set N = {b1, b2, . . . , bn} of numbers b1 ≥ b2 ≥ · · · ≥ bn > 0 with
bi ∈ Z+, i = 1,2, . . . , n. Does there exist a subset N ′ ⊂ N such that

∑
i∈N ′ bi = 1

2

∑
i∈N bi?

If we have n integers b1, b2, . . . , bn in the instance of the partition problem, then we assume
qn+j = bj , j ∈ N2 = {n + 1, n + 2, . . . , n + n}.

The branch-and-bound algorithm by Brucker et al. (1998), which uses LBM as a basic
lower bound, can efficiently solve the majority of benchmark instances from PSPLIB with
up to 60 jobs. Brucker and Knust (see Brucker and Knust 2006, p. 125) note that the number
of non-dominated sets (for the definition, see above) considered within the computation
of LBM grows exponentially for some of these instances. By Theorem 3, we try to argue
concerning the practical weakness of this lower bound observed in Brucker et al. (1998),
Brucker and Knust (2006).

5 Some further remarks

We can consider the optimal objective function values for the special cases PMS, LSPP and
UPT as lower bounds for the optimal value C∗

max in the general case. For example, if we
delete all precedence relations from the original instance, we have an instance of the special
case LSPP. If we split any job j with pj > 1 into a set of jobs each of them with a processing
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time equal to 1, we have a UPT instance, and so on. In Sect. 3, we have stated (see Table 2
and Sect. 4 for the definitions of LB0 and LB1) that

CPMS∗
max < LB0 + LB1 ≤ 2LBM,

CLSPP∗
max < 2 max{LB0, LB1} ≤ 2LBM

and

CUPT∗
max < 2(LB0 + LB1) ≤ 4LBM

(e.g., CLSPP∗
max is the optimal objective function value for the relaxed instance which corre-

sponds to the special case LSPP). Therefore, we can prove the following theorem:

Theorem 4 There exists an instance of the RCPSP for which

C∗
max

CPMS∗
max

= O(logn),
C∗

max

CLSPP∗
max

= O(logn),
C∗

max

CUPT∗
max

= O(logn).

If we do not take into consideration the non-preemptive character of the jobs, different
processing times, different values qi , or we do not consider the precedence relations, we
have a relative error of O(logn) (see Theorems 2–4).

Now the question arises why do we have ‘good’ lower and upper bounds for the subcases
of the problem, but not for the general case? We can try to prove that the RCPSP (with a
single type of resources) is not in APX, but this seems to be not a trivial task. It is known that
in the general case, the RCPSP is not in APX (Uetz 2002). It can be proved by a reduction
from the graph-coloring problem to a special case of the RCPSP with a large number of
types of resources. However, this special case is ‘very specific’ and does not correspond to
practical situations. So the proof that ‘the special case with a single resource is not in APX’
is an important theoretical task.

We conjecture that the problem is so hard since it consists of four different NP-hard
problems (Clique, Partition, Bin-packing, Vertex covering) while each of the subcases PMS,
UPT, LSPP contains only two of these problems (see Table 2).

6 A badly approximable special case of the RCPSP is NP-hard

In the previous sections of this paper, we have shown that for the following special case of
the RCPSP known upper and lower bounds have a bad approximation ratio (relative error).
For this case, we have only two sets of jobs: a set of high jobs Nhigh, for which pj = ε,
qj = n = Q, and a set of long jobs Nlong with arbitrary processing times and qj = 1. In
addition, we assume that there are no direct precedence relations between the jobs from
Nlong but only precedence relations of the type i → k → j , where i, j ∈ Nlong and k ∈ Nhigh.

We denote this case as batch-case of the RCPSP. Next, we prove that this special case is
NP-hard in the strong sense by a reduction from the single machine parallel-batch scheduling
problem 1|p − batch, chains, b = ∞|Cmax which is as follows.

Problem 1|p − batch,prec, b = ∞|Cmax:

Let a set N = {1,2, . . . , n} of jobs be given. Job j ∈ N has to be processed for pj ≥
0 time units without preemption. Furthermore, finish-start precedence relations i → j are
defined between the jobs according to an acyclic directed graph G = (N,V ).
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The jobs are processed in batches, where a batch is a subset of jobs, and we require that
the batches form a partition of the set of all jobs. The processing time of a batch is equal
to the maximum processing time among the jobs in this batch. The completion time of all
jobs in a batch is equal to the completion time of the batch. If there is a precedence relation
between jobs i and j , then these jobs cannot be processed in the same batch. Moreover, if
i → j , then the starting time of the batch which includes job j must be greater than or equal
to the completion time of the batch which includes job i. All jobs in the same batch start
simultaneously at the earliest possible starting time.

In Cheng et al. (2004), it has been shown that even for the problem 1|p − batch, chains,
b = ∞|Cmax with chains as precedence relations, this problem is NP-hard in the strong sense
by a reduction from the graph problem Vertex cover.

Theorem 5 The batch-case of the RCPSP is NP-hard in the strong sense.

Proof Assume that we have an instance of the problem 1|p − batch,prec, b = ∞|Cmax.
We construct an instance of the batch-case as follows. All jobs 1,2, . . . , n from the initial
instance correspond to the jobs 1,2, . . . , n ∈ Nlong in the instance of the batch-case of the
RCPSP. The processing times are the same and we have qj = 1 for j = 1,2, . . . , n. In addi-
tion, we construct a subset Nhigh. If there is a precedence relation i → j, i, j ∈ N , then we
add a high job kij with processing time pkij

= 1 and qkij
= n and the precedence relations

i → kij → j, i, j ∈ Nlong. Moreover, let Q = n.
If C

p∗
max is the optimal value for the initial instance, then C∗

max = C
p∗
max +|V | is the optimal

value for the instance of the batch-case, where |V | is the number of precedence relations in
the initial instance.

Let π be an optimal schedule for the instance of the batch-case and Nij ⊂ Nlong, i, j ∈
Nlong be the set of long jobs which are processed between two high jobs i and j (there is
no other job k ∈ Nhigh, which is processed between them). Then, in an optimal schedule for
the initial instance, all jobs corresponding to jobs from Nlong will be processed in the same
batch. �

7 Concluding remarks

In this paper, we give some arguments that already a special case of this problem with a
single type of resources is not approximable in polynomial time with an approximation ratio
bounded by a constant. In particular, we have proven that there exist instances for which
the best known lower bound of Mingozzi et al. has a bad relative error of at least O(logn)

and that the calculation of this bound is an NP-hard problem. Moreover, there exists a type
of instances for which known ‘polynomial’ upper bounds have approximation ratios of at
least O(

√
n) and known lower bounds have a relative error of at least O(logn). This type

of instances corresponds to the problem 1|p − batch, b = ∞|Cmax, i.e., we have found one
of the most difficult subcases of the RCPSP.
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