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Often the problem of determining an optimal or approximate production sched-
ule in a company can be reduced to the problem of solving a scheduling problem
on a bottleneck machine. However, even the majority of the resulting single ma-
chine scheduling problems are NP-hard from a computational point of view and
therefore, it is difficult to solve large instances of such problems exactly. In this
paper, we consider five such single machine problems, where a dynamic pro-
gramming algorithm of pseudo-polynomial complexity exists. The running time
of such an algorithm can often be improved by so-called graphical algorithms
which do not need to consider all states in a dynamic programming algorithm
separately. Based on such graphical algorithms, we present fully polynomial-
time approximation schemes (FPTASes) for five single machine total tardiness
problems. The new FPTASes have the best running time among the known
approximation schemes for these problems. The presented approach is rather
general and can be applied to many other scheduling and combinatorial opti-
mization problems as well.

Keywords: Single machine scheduling, Total weighted tardiness, Graphical algorithm,
Fully polynomial-time approximation scheme

1. Introduction

Single machine scheduling problems often appear as sub-problems in real-world optimiza-
tion, e.g., in more realistic shop scheduling problems with several identical or non-identical
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machines, in assembly line balancing, in project scheduling, in routing, etc. On the other
hand, they have their own applications as well. We can consider a single machine as a
whole plant, where each job can be interpreted as a particular customer order. The ma-
jority of single machine scheduling problems are hard to solve (i.e., they are NP-hard),
and their instances appear in an instance of a real-world optimization problem for an
exponential number of times. So, the use of exact algorithms to solve such practical
scheduling problems seems to be often ineffective, and fast approximation algorithms
with a guaranteed relative or absolute error can be preferable. One of the first classical
reviews on single machine scheduling was presented in Maxwell (1964). Some single ma-
chine scheduling problems and solution algorithms to solve them were considered, e.g.,
in Bechara et al. (1981), Tanaev et al. (1994), Wanga et al. (2013). The gap between
classical and real-world scheduling problems was discussed in MacCarthy et al. (1993).

In this paper, several total tardiness scheduling problems on a single machine are con-
sidered. These problems can be formulated as follows. We are given aset N = {1,2,...,n}
of n independent jobs that must be processed on a single machine. Job preemption is not
allowed. The machine can handle only one job at a time. All jobs are assumed to be
available for processing at time 0. For each job j € N, a processing time p; > 0, a weight
w; > 0 and a due date d; > 0 are given.

A feasible solution is described by a permutation 7 = (ji, j2,...,jn) of the jobs of the
set N from which the resulting schedule can be uniquely determined by starting each
job as early as possible. Let C}, (1) = Zle pj, be the completion time of job ji in the
schedule resulting from the sequence 7. If C;(7) > d;, then job j is tardy. If Cj(7) < dj,
then job j is on-time. Moreover, let T;(m) = max{0, Cj(m) — d;} be the tardiness of job
J in the schedule resulting from the sequence m and let GTj(7) = min{7}(m),p;} be the
late work (i.e., the amount of processing of this job that is performed after its due date).

In the total tardiness minimization problem the objective is to find an optimal job
sequence 7* that minimizes total tardiness, i.e., the objective function is F(mw) =
> j=1 Tj(m). We denote this problem by 1|| 3T} according to the traditional three-field
notation «|f|y for scheduling problems, where « describes the machine environment, [
gives the job characteristics and further constraints and « describes the objective function.

Similarly, for the total weighted tardiness problem 1|| Y w;7} the objective function
F(m) = >y w;T;(m) and for the 1]| Y GT} tardiness problem the objective function
F(r) = >_7_, GT;j(m) have to be minimized. The following special cases of the problems
are considered in addition:

- the special case denoted B—1 (Lazarev et al. (2007)) of the total tardiness problem
1”2%7 Wherepl <py <--- < pp, dl Zd2 > e zdn and dl_dn <p1;

- the special case B — 1G (Lazarev et al. (2007)) of the problem 1|| ) 7} with
dma:r - dmzn < DPmin, where dmaax = manGN{dj}a dmin = mianN{dj} and Pmin =
minjen{p;};

- minimizing total weighted tardiness when all due dates are equal, i.e.,d; =d, j =
1,2,...,n. This problem is denoted by 1|d; = d| > w;T;.

We also consider the NP-hard problem of maximizing total weighted tardiness 1(no-
idle)|| max ) w;T; (Gafarov et al. (2010, 2013a)). Here, the objective is to find an optimal
job sequence that maximizes total weighted tardiness, where each feasible schedule starts
at time 0 and there is no idle time between the processing of the jobs (for practical
interpretations and applications, see e.g. Gafarov et al. (2010, 2013a)).

A survey on the problem 1||>T; was presented in Koulamas (2010). The problem
1]| > T; is NP-hard in the ordinary sense (Du et al. (1990), Lazarev et al. (2006)). A



pseudo-polynomial dynamic programming algorithm of time complexity O(n* " p;) was
proposed in Lawler (1977). The algorithms in Szwarc et al. (1999) can solve special in-
stances (Potts et al. (1982)) of this problem for n < 500 jobs. For the NP-hard special
case B—1 (Lazarev et al. (2006)), a pseudo-polynomial algorithm is known (Lazarev et al.
(2007)). The special case B — 1 and its generalization B — 1G are known to belong to the
most difficult instances for Lawler’s algorithms as computational experiments in (Lazarev
et al. (2007)) have shown. For the NP-hard problem 1|| Y~ GTj, pseudo-polynomial algo-
rithms are known as well (Lawler et al. (1969), Gafarov et al. (2012b)). A single machine
common due date problem was considered in Benmansourab et al. (2012).

Since the main topic of this paper is that of an analysis of approximation algorithms,
we recall some relevant definitions. For the scheduling problem of minimizing a function
F(7), a polynomial-time algorithm that finds a feasible solution «’ such that F(7’) is at
most p > 1 times the optimal value F'(7*) is called a p-approzimation algorithm; the value
of p is called a worst-case ratio bound. If a problem admits a p-approximation algorithm,
it is said to be approximable within a factor p. A family of p-approximation algorithms
is called a fully polynomial-time approximation scheme (FPTAS), if p = 1 + ¢ for any
€ > 0 and the running time is polynomial with respect to both the length of the problem
input and 1/e. Notice that a problem, which is NP-hard in the strong sense, admits no
FPTAS unless P = NP.

For the problem 1 || min) T}, Lawler (1982) converted his dynamic programming
algorithm into an FPTAS that requires O(n”/e) time. For its special case B — 1, an
FPTAS with a running time of O(n?®logn + n?/¢) was mentioned in Koulamas (2010).
For the problem 1|d; = d| > w;T}, which is NP-hard in the ordinary sense (Yuan (1992)),
Fathi et al. (1990) provided a 2-approximation algorithm that requires O(n?) time. An
FPTAS for the latter problem with a running time of O((n®log >~ w;)/e®) was presented
in Kellerer et al. (2006). In Kacem (2010), a heuristic algorithm was presented, which was
incorrectly called an FPTAS with a running time of O(n?/e). This algorithm is based
on the assumption that there is an optimal schedule, where the tardy jobs are scheduled
in non-decreasing order of the values p;/w;. This does not hold for the first tardy job,
so it is an heuristics. Nevertheless, we see that this algorithm can be easily transformed
into an FPTAS. The corrected FPTAS will have the same time complexity of O(n?/e)
as our FPTAS presented in this paper. However, as we discuss later, our approach has
some other advantages. Moreover, we present a general idea how some single machine
scheduling problems can be solved approximately in an effective way. an In addition,
we show how our graphical algorithm and the FPTAS can be modified to solve other
scheduling problems.

For a practical realization of some pseudo-polynomial algorithms, one can use the idea
of a graphical algorithm (see e.g. Gafarov et al. (2012a)). In this paper, we present such
a graphical modification of a pseudo-polynomial algorithm and an FPTAS based on this
graphical algorithm with the best known running time for five single machine scheduling
problems, namely, for the cases B — 1, B — 1G, 1|d; = d|)_ w;T; and the problems
1|| >~ GTj and 1(no-idle)|| max ) w;T;. A brief overview on the detailed results presented
in this paper was also given in Gafarov et al. (2013b).

Although any of the problems mentioned above can be used to explain and illustrate
the approach presented, we selected the problem 1|d; = d| > w;T; as one of the most
popular problems of this type in the literature, which is treated in Sections 2 - 4. The
FPTAS presented for this problem has the same running time as the FPTAS of Kacem
(2010) after corrections, but some obvious advantages of our scheme are presented in
Section 4, e.g., our FPTAS can be modified to solve scheduling problems with a variable



starting time of the machine (see Hoogeveen et al. (2010)), which is hard to do with other
known algorithms.

The remainder of this paper is organized as follows. In Section 2, an exact dynamic
programming pseudo-polynomial algorithm is presented. A graphical algorithm resulting
from this dynamic programming algorithm is given in Section 3. Its advantages comparing
with different known dynamic programming algorithms are discussed in Section 4. In
Section 5, an FPTAS based on the graphical algorithm is derived. Modifications of the
graphical algorithm and the FPTASes for the other considered in this paper problems
are described in Section 6. Some further remarks are given in Section 7.

2. Dynamic Programming Algorithm

In this section, we present a property of an optimal sequence and an exact algorithm for
the problem 1|d; = d| > w;T; which is the base for the modification in Section 3. The
idea of this algorithm can be easily adapted to the other problems under consideration
(see Section 6).

Lemma 2.1: Lawler et al. (1969) There exists an optimal job sequence w for the problem
1ld; = d| > w;Tj that can be represented as a concatenation (G,x,H), where all jobs
J € H are tardy and S; > d for all j € H, and all jobs i € G are on-time. All jobs from
the set G are processed in non-increasing order of the values Z—JJ and all jobs from the set

H are processed in non-decreasing order of the values 5—7 The job x is the first job, for

which Cy(m) > d.
The job z is called the straddling job. Assume that the jobs are numbered as follows:

p_2<p_3§...<p_”7 (1)

wo W3 T Wy
where the job with number 1 is the straddling job. As a corollary from Lemma 2.1,
there is a straddling job x € N to which the number 1 will be assigned such that for
each [ € {1,2,...,n}, there exists an optimal schedule in which all jobs j € {1,2,...,{}
are processed from time ¢ one by one, and there is no job i € {l + 1,1 + 2,...,n}
which is processed between these jobs. Thus, we can present a dynamic programming
algorithm (DPA) based on Lemma 2.1. For each # € N, we number the jobs from the
set N\ {z} according to (1) and perform Algorithm 1. Then we choose a best schedule
among the n constructed schedules. At each stage [,1 < I < n, of Algorithm 1, we
construct a best partial sequence m(t) for the set of jobs {1,2,...,l} and for each
possible starting time ¢ of the first job (which represents a possible state in the dynamic
programming algorithm). Fj(¢) denotes the total weighted tardiness value for the job
sequence 7;(t). ®1(¢) and ®3(¢) are temporary functions, which are used to compute Fj(t).

Algorithm 1

1. FOR ¢ := 0 TO ¥_"_, p; DO

m1(t) := (1), Fi(t) := wy max{0,p1 +t — d};
2. FOR 1:=2TO n DO

FOR ¢:= 0 TO Y7, p; DO

= (Lmoa(t+ ), 7= (m-1(t),1);



®'(t) == wymax{0,p +t — d} + Fi_1(t +p);
l
®2(t) == Fj_1(t) + wymax 0, > p; +t —d p;
j=1
IF ®!(t) < ®2(t) THEN F(t) := ®!(¢) and m(¢) := 7!,
ELSE Fj(t) := ®2(t) and m(t) := 7%
3. m,(0) is an optimal job sequence for the chosen job x with the objective function
value Fj,(0).

Theorem 2.2: By using Algorithm 1 for each x € N, an optimal job sequence of the
type described in Lemma 2.1 can be found in O(n*Y_ p;) time.

Proof. We prove the theorem indirectly. Assume that there exists an optimal job sequence
of the form 7* = (G, 1, H) of the type described in Lemma 2.1. Assume that F(7*) <
F(”n(o)) = Fn(o)'

Let ' := 7*. For each | = 1,2,...,n, we successively consider the part 7; € 7’ of
the schedule where {7} = {1,2,...,1}. Let 7’ = (mq, 7, 7g) and t* = >, p;. f 1 #
m(t*), then 7' := (mq, m(t*), m5). It is obvious that F((mqa, 7, mg)) > F((ma, m(t*), m5)).
Applying this procedure to subsequent values I, we have F(n*) > F(n') = F,(0) at the
end. Thus, the schedule m,(0) is also optimal for the chosen job z = 1.

The assignments 7! := (I, m_1(t + p;)), 72 := (m_1(t),1) and m(t) := 7' require O(1)
operations if we deal with sequences of length [. Let ; = 1 mean that [ is added as the
first job and let x; = 0 mean that [ is added as the last job in a job sequence. Then m(t)
can be presented as a (-1 sequence, i.e., like a number in binary format. So, a partial
solution can be presented like a number. Let m;_1 (¢ + p;) be presented like a number X;
and m_1(t) be presented like a number X5. Then 7! will be presented like X; + 2! and
72 like X5. So, these assignments can be done in constant time.

Obviously, the time complexity of Algorithm 1 is equal to O(n ) p;). So, an optimal
job sequence can be found in O(n? Y p;) time. O

Here the following comments should be given. It is obvious that for some chosen job
x € N in the job sequence 7, (0), the job = cannot be straddling (i.e., either S, > d or
C, < d holds). This means that there exists another straddling job 2’ € N for which the
value F,(0) will be less. Note that for all problems considered in this paper, a partial
solution can be presented like a number, i.e., the assignments 7! := (I,m_1(t + p;)),
72 := (m_1(t),1) and m(¢) := 7! can be performed in constant time.

Next we show how Algorithm 1 can be modified to improve the running time to O(n2d)
or O(n?UB), where UB is an upper bound on the optimal function value for the problem.
The explanations given for the time complexity O(n?U B) are later used in the description
of the FPTAS. Algorithm 1 can be modified by considering for each [ = 1,2,...,n, only

n

the interval [0,d — p;] instead of the interval [0, )  p;] since for each t > d — p;, job [ is
i=l+1

tardy in any partial sequence m;(t) and the partial sequence 7° := (m;_1(t),1) is optimal.
Thus, the time complexity of the modified Algorithm 1 is equal to O(nd), and an optimal
schedule can be found in O(n?d) time which is equal to the running time of the solution
algorithm for the problem presented in Lawler et al. (1969).

The values Fj(t) = 231:1 w; max{C}j(m(t)) —d,0} can be calculated using the starting
time ¢ and the completion times C;(m(t)) calculated according to the job sequence m(t).
Since all parameters p;, w; for all j € IV, and d are integer, we can state the following.

2

Proposition 2.3: For all integer t, the values Fi(t) are integer.



Let UB be an upper bound on the optimal function value for the problem which is
found by the 2-approximation algorithm in Fathi et al. (1990), i.e., UB < 2F(n*). If
we have Fj(tV/P) = UB for some t/B € (—oo,+00), then for each t > tVP we have
Fy(t) > UB (since t denotes the starting time of an optimal schedule obtained from the
job sequence m;(t) for the jobs 1,2,...,0 and Fj(t) denotes the corresponding value of
the monotonic objective function). So, the states ¢ > tlUB seem to be unpromising, i.e.,
for any job sequence 7 constructed using these states, we will have F(w) > UB, i.e., 7
is not optimal. Thus, we need to consider different values Fj(t) only for ¢ € [0, ¢/ 5] and
assume that Fj(t) = +oo for t € (t/B, +00). According to Proposition 2.3, there are at
most UB + 2 different values Fj(t).

In addition, we can note the following. If there is a point ¢’ € (—o0,400) such that
F(t') =0and F(t' +1) > 0, then Fy(t) = 0 for all t < ¢ and Fj(t) < Fi(t + 1) for all
t > t'+1, since all the functions Fj(¢) are monotonic. Thus, we can modify Algorithm 1 as
follows. If we will save at each stage [ instead of all states ¢ € [0,¢'] only one state ¢, then
the number of saved states will be restricted by U B, since for all saved states ¢ we have
Fi(t) < Fi(t+1). The running time of the modified algorithm is O(n min{d, UB}). If we
consider only the states ¢t € [d_Z?:ﬂ% d] instead of [0,d] at each stage [, =1,2,...,n,
then we obtain an optimal solution for the chosen straddling job for each possible starting
time ¢t € (—o00,tY?) in O(nUB) time.

Let 7’ be a job sequence, where all n jobs are processed in non-decreasing order of
the values 5—77 Denote by F(n’,d) the total weighted tardiness for the job sequence 7',
where the processing of the jobs starts at time d. It is obvious that for this starting time
the schedule 7’ is optimal. Then, by using the modified Algorithm 1, we can obtain an
optimal solution for each possible starting time ¢ € (—o00, +00) in O(n?F(n’,d)) time.

We note that the inequality Fj(t) < Fj(t + 1) does not necessarily hold for all ¢ > ¢’ in
the problem 1|| > GT}, i.e., the running time of Algorithm 1 is not restricted by UB for
the problem 1|| > GT}.

3. Graphical Algorithm

In this section, a new graphical algorithm (GrA) is derived which is based on an idea
from Gafarov et al. (2012a). The idea of this algorithm can be easily adapted to the other
problems under consideration (see Section 6). This GrA is a modification of Algorithm
1, in which the function Fj(t) is defined for any ¢ € (—o0,400) (not only for integer t).
However, we need to compute these values only at the break points separating intervals in
which the function Fj(t) is a linear function of the form Fj(t) = FF(t) = uf- (t—tfﬁl) +bF.
In Proposition 3.2, we prove that Fj(t) is a continuous piecewise linear function on the
interval [0,¢/?] whose parameters can be described in a tabular form (as in Table 1). We
remind that in the modified Algorithm 1 (see the previous section), we have Fj(t) = +o00
for t € (tVP, +00). The same holds for the functions Fj(t) considered in this section.

In each step of the GrA, we store the information on the function Fj(¢) for a number of
intervals (characterized by the same best partial sequence and by the same total weight
of tardy jobs) in a tabular form as given in Table 1.

In Table 1, k£ denotes the number of the current interval whose values range from 1 to
my + 1 (where the number of intervals m; + 1 is defined for each { = 1,2,...,n), (tf_l, tﬂ
is the kth interval (where ¢) = —oo and t;mﬂ = tlUB), bf, uf are the parameters of the
linear function F¥(t) defined in the kth interval, and 7} is the best sequence of the first

[ jobs if they are processed from time t € (tf_l, tﬂ



These data mean the following. For each above interval, we store the parameters bf
and uf for describing the function Fj(t) and the resulting best partial sequence if the first
job starts in this interval. For each starting time t € (tf_l,tﬂ (t) = —o0) of the first
job, we have a best partial sequence 775‘7 of the jobs 1,2,...,l with a total weight of the
tardy jobs uf and the function value Fj(t) = uf - (t — i) + bf (see Fig. 1(a)). We have
Fi(t) =0 for t € (t),t}]. Recall that the function Fj(t) is defined not only for integers ¢,
but also for real numbers ¢. For simplicity of the following description, we consider the
whole t-axis, i.e., t € (—00,4+00). The points #],¢7, . .. ,t;’”“ are called break points, since
there is a change from value ufﬁl to uf (which means that the slope of the piecewise-
linear function changes). Note that some of the break points tf can be non-integer. To
describe each linear segment, we store its slope uf and its function value bF = Ei(t) at
the point ¢ = tf_l. So, in the table bl1 = b12 < b? < e < b;mﬂ < UB holds, since
th<t? <. <tptl

In the GrA, the functions Fj(t) reflect the same functional equations as in Algorithm 1,
i.e., for each t € Z(N[0,> 7_, p;], the function Fj(t) has the same value as in Algorithm 1
(see Fig. 1), but these functions are now defined for any t € (—o0, +00). As a result, often
a large number of integer states is combined into one interval (describing a new state in
the resulting algorithm) with the same best partial sequence. In Fig. 1 (a), the function
F(t) from the GrA is presented and in Fig. 1 (b), the function Fj(¢) from Algorithm 1 is
displayed.

Next, the GrA is described. The core is Step 3, where we explain how the states at
stage [, > 1, are obtained if the states at stage [ — 1 are known.

Graphical algorithm (GrA)

Step 1. We number the jobs according to order (1);

Step 2. Set [ :=1, m(t) := (1), Fi(t) := wy; max{0,p; + ¢t — d} for all t. We represent
the function Fi(t) in a tabular form as given in Table 2. For all three intervals, there
is the same best partial sequence (1). For ¢t € (—oo,d — p1], there is no tardy job in
the schedule corresponding to sequence (1) when this job is started at time ¢ and for
t € (d — p1,+00), there is one tardy job. The value tzljB can be found from the equation

UB = (tY8 — (d - p1))w; +0.

Step 3. Let [ > 1 and assume that function F;_;(¢) and the best partial sequences

of the jobs {1,2,...,1 — 1} for all resulting intervals given in Table 3 are known, where
tmlfl“l’]- _ tUB

—~ =l

In the following, we describe how the function Fj(t) is obtained by means of the
function Fj_i(t). Note that we can store the temporary functions ®!(¢) and ®3(t)

determined in Steps 3.1 and 3.2 also in a tabular form as in Table 1.

Step 3.1. The function ®!(¢) is obtained from the function Fj_;(¢) by the following
operations. We shift the diagram of the function F;_1(t) to the left by the value p; and
in the table for the function F;_;(t) and add a column which results from the new break
point ¢ =d—p. Ift7 | —p <t' < tlsfll — i, § < my_1, then we have two new intervals
of ¢ in the table for ®1(¢): (t;_, —p;,#'] and (#,;"] — p]. This means that we first replace
each interval (t§ |, tffll] by (tF , — pi, tffll — pg] in the table for ®!(¢), and then replace
the column with the interval (¢t]_, — p, tfjll — py] by two new columns with the intervals
(t5, — put') and (#6541 — p).



. i+l . .
Moreover, we increase the values ulsfll,ufff, ... ,u;ﬁll ot by wy, i.e., the total weight

of tardy jobs (and thus the slope of the function) increases. The corresponding partial
sequences 7! are obtained by adding the job [ as the first job to each previous partial
sequence. In this way, we obtain the information on the function ®!(t) together with the
corresponding partial sequences given in Table 4, which also includes the calculation of

the corresponding b values.

Step 3.2. The function ®3(¢) is obtained from the function Fj_1(¢) by the following
operations. In the table for the function F;_1(¢), we add a column which results from the
new break point ¢ = d — 22:1 pi Ifth <t < t?fll, h < my_1, then there are two new

intervals of ¢ in the table for the functions ®2(t): (! ,,"] and (", ¢]"}].

This means that we replace the column with the interval (t?_l, t?_ﬁl] by two new columns

with the intervals (¢} |, ¢"] and (¢”,/"}].

. 141 : :
Moreover, we increase the values u;’fll, u?ff, . ,u?i’l ot by wy, i.e., the total weight of

the tardy jobs increases. The corresponding partial sequences 72 are obtained by adding

job [ at the end to each previous partial sequence. In this way, we obtain the information
on the function ®2(t) together with the corresponding partial sequences given in Table
6.

Step 3.3. Now we construct a table that corresponds to the function
F(t) = min{®' (1), 8°(1)).

To construct the function Fj(t) as the above minimum of two functions, we consider
the functions ®!(¢) and ®2(¢) on all resulting intervals from both tables and search for
intersection points of the diagrams of these functions.

To be more precise, let T1 = {tll_l — pl,t?_l — pi,. ..} be the list of all break points
from the table ®!(¢) and T? = {t! |,t? |,...} be the list of all break points from the
table ®2(¢), then T! and T? are merged into the list T with T = {t1,t2,...,tc}, t1 <
to < ...,t.. Then we consider each interval (¢;,¢;+1], ¢ =1,2,...,e —1, and compare the
two functions ®1(¢) and ®2(¢) over this interval. Let the interval (¢;, ;1] be contained in
the interval (t2',,¢2'] from the table for the function ®!(¢) and in the interval (tg’il, tg’z]
from the table for the function ®2(¢). Then ®'(t) = (t — t®',) - w2 + b2 and ®2(t) =
(t— tg’il) 'ug’z + bg’z. If there is no intersection point of the functions ®!(¢) and ®2(¢) in
the interval (¢;,;4+1], then insert a new column into the table for Fj(t) with this interval,
where the value b = min{bfl,bg’ *} and the corresponding value of u (u®' or ug’ *) are
given. If there exists an intersection point " of the functions ®!(¢) and ®2(¢) in this
interval, then insert two columns with the intervals (¢;,¢"”] and (¢"”,t;41]-

This step requires O(m;_1) operations.

Step 3.5. If in the table for the function Fj(t), there are two columns with the
intervals (tF~1,¢F] and (tF,¢7), uf = uf*™ and bf + uff - (tF — tF71) = i, then we
assume tf = tf“ and delete the column k+ 1. So, in this step we combine two adjoining
linear fragments that are on the same line.

Step 3.6. Let m be the number of columns in the resulting table of Fj(¢) and for
k, 1 < k < my, the inequality bf < UB < bf“ holds. Then compute the value tlUB



from the equality UB = (t/P — tf‘l)uf + bf. In the column with the interval (tf_l,tﬂ
(column k), assign tf = tlUB and delete all columns k + 1,k +2,...,m.

Step 3.7. If | = n, then GOTO Step 4 else [ :=[+ 1 and GOTO Step 3.

Step 4. In the table corresponding to the function F,(¢), we determine the column
(tk th+1] where t& < 0 < tk+1. Then we have an optimal sequence 7* = 7£¥! for the
chosen job = and the optimal function value F(7*) = b+l + (0 — t) . yf+1.

Next, we analyze some properties of the GrA. According to the GrA, it is obvious
that at each integer point ¢ € (—oo0, tlUB], the value Fj(t) is equal to that determined by
Algorithm 1 (since in the GrA, the functions Fj(t) represent the same equations as in
Algorithm 1 for the integer values ¢ considered). For some chosen straddling jobs x, it
is possible that F,(0) = +oo. This means that the best job sequence with the chosen
straddling job x is not better than a job sequence 7V% for which F(7V8) < F(rm,(0)).
Therefore, by using the GrA for each € IV, an optimal job sequence of the type described
in Lemma 2.1 for some = with the optimal value F},(0) will be found and we can state
the following.

Proposition 3.1: By using the GrA for each x € N, an optimal job sequence of the
type described in Lemma 2.1 will be found.

We note that all functions Fj(t), [ = 1,2,...,n, defined at the beginning of Section 3 are
continuous and piecewise linear functions on the interval (—oo, t5]. It is obvious that the
function Fi(t) is a continuous and piecewise linear function with two break points in the
interval (—oo,t/B]. According to the operations described in Step 3, both functions ®!(t)
and ®2(t) are also continuous and piecewise linear functions on the intervals (—oo, t{5 —
p2] and (—oo,t/B]. Thus, the function

Fy(t) = min{®' (), ®*(¢)}

and its modification obtained in Step 3.4. are continuous and piecewise linear functions
on the interval (—oo,ty?] as well (we can show that t/5 < tUB). Continuing in this way,

all functions Fj(t),l = 1,2,...,n, have the above properties. So, the following statement
is true.
Proposition 3.2:  All functions Fi(t), | = 1,2,...,n, are continuous and piecewise

linear functions on the interval (—oo,t/P].

Now assume that we have obtained Table 7 for some function Fj(¢) in Step 3.

We prove that b} = b7 < b} < --- < b < blsJrl < < b;”‘“ = UB holds. Assume
that we have bj > bf“, s > 1. Let F(m,t) be the total weighted tardiness value of the
sequence 7 when the first job starts at time t. It is obvious that the function F(m,t) is
monotonic. For each t € (tf_l,tf], we have F(m},t) > F(7rls+1,t) since for t € ( f,tf“],
the inequality F(rf,¢) > F(m;"!,t) holds, which is a contradiction. Then according to
Step 3.5. of the GrA, we can state the following.

Proposition 3.3:  The number of columns in the table for the function Fy(t) is less
than or equal to the number of different values b}”‘“ i the table plus 1.

The GrA can be modified as follows to avoid fractional break points. If a point ¢

calculated in Step 3.3. is fractional, then we can include the following two columns into
the table for the function Fj(t): (¢;, [t"]] and ([¢""], ¢;+1]. Denote this algorithm by GrA-I.



Theorem 3.4: By using the GrA-I for each x € N, an optimal job sequence of the type
described in Lemma 2.1 will be found in O(n? min{F* d}) time, where F* is the optimal
objective function value.

Proof.

It is obvious that the running time of the GrA depends polynomially on the numbers
of columns m; + 1. According to Proposition 2.3, all values bj in the table are integer.
Then, according to Proposition 3.3 in the resulting table for the function Fj(t), there
will be no more than UB + 2 columns, since b} € [0,UB] and b} is integer. The GrA-I
can be modified to consider only intervals in [0, d] (see the previous section). Since all ¢}
considered are integer, there will be no more than d + 1 columns.

Then Step 3 requires O(min{U B, d}) operations for each [ = 1,2,...,n. The time
complexity of such a search is O(n?F*), since 2UB < F* < UB.

U

The required memory for the algorithms GrA-I and DPA is O(min{UB, d}).

4. Advantages of the Graphical Algorithm

In fact, in each step [ = 1,2,...,n of the GrA, we do not consider all points t € [0,d], t €
Z, but only points from the interval in which the optimal partial solution changes or where
the resulting functional equation of the objective function changes. So, the main difference
is that we operate not with independent values F' at each of the points t, but with functions
which are transformed in each step analytically (according to their analytical form), which
can have obvious advantages. For example, let us minimize a function ¥(t) + F(m,t),
where the function F(m,t) corresponds to a function F'(7) when the jobs are processed
not starting from time 0, but from time ¢. If the function F(¢) is presented analytically
(not in a tabular form (¢, F')) and the function W(¢) is presented analytically as well, then
the search for the minimum of ¥(¢) + F'(w,t) can be performed in shorter time for some
cases.

Moreover, such an approach has the following advantages when compared with Algo-
rithm 1 (DPA):

1. The GrA can solve instances, where (some of) the parameters p;, w;, j =
1,2,...,n or/and d are not in Z.

2. The running time of the GrA for two instances with the parameters {p;,w;,d}
and {p; - 10"t £ 1, w; - 10"t + 1,d - 10°"* + 1}, const > 1, is the same while
the running time of the DPA will be 10°"*! times larger in the second case. Thus,
one can usually solve considerably larger instances with the GrA. Here, +1 means
that we add or subtract 1 to each parameter to ensure that the reduction by a
factor 10"t is impossible.

3. For some single machine scheduling problems, the GrA has a reduced running
time in comparison with the DPA (see Table 11 in Section 6).

4. The experimental results provided in Gafarov et al. (2012b) show a rather poly-
nomial evolution of the calculation time in experiments for the GrA, since the
total number of columns considered does not exceed n?.

5. It is obvious that the running time (not the complexity) of Algorithm GrA-I is
always less than the running time of the DPA. When the number of break points
is less than const - d, we perform GrA-I, and from step [ when it does not hold,
we use the DPA.



6. Unlike the DPA| it is possible to construct easily an FPTAS based on the GrA.
The FPTAS is presented in the next section.

Let us consider another type of a DPA. This alternative DPA does not present a new
result, but we give it here in order to compare our main result (GrA) with an alternative
way how the DPA can be organized. So, here we present the recurrent expression and a
sketch of this algorithm, which can be easily substantiated. This algorithm iteratively
generates some sets of states. In every iteration [, [ = n,n —1,...,1, a set of states is
generated. Each state can be represented by a string of the form (¢, F'), where ¢ is the com-
pletion time of the last known job scheduled at the beginning of a schedule and F' is the
value of the function, provided that the early jobs start at time 0 and the last known late
job completes exactly at time 2?21 p. This algorithm can be roughly described as follows:

Alternative DPA A straddling job x is chosen and numbered by 1. The other jobs are
ordered according to (1).

1. Put the state (0,0) into the set of states Vj,11.
2. FOR [:=n TO 1 DO
FOR each state (¢, F') from the set of states V;;1 DO
Put a state [t + p;, F' + wymax{0,t + p; — d}];
Put a state [t, F + wy max{0, 7, p; — (Y02} pj — t) — d};
3. Find F* = min{F|(t, F) € 4 ).

We need to consider only states, where t < d and F' < UB. If there are two states
with the same objective function value (t1,F’) and (to, F') and to > t; in a list V,
then the state (t2, F') can be removed from consideration. So, the running time of the
Alternative DPA is O(nmin{d, F*}) which corresponds to the running time of GrA-I.
However, in GrA-I some of the possible but unpromising states are not considered and,
in contrast to the alternative DPA, Algorithm GrA-I finds all optimal schedules for all
integer starting times ¢ € [—o0,t/B] in O(nF*) time. So, the alternative DPA is not
effective for the problems of minimizing a complex function ¥(¢) + F(w,t). In addition,
with GrA it is possible to solve scheduling problems with a variable starting time of the
machine (Hoogeveen et al. (2010)) in an effective way.

5. A Fully Polynomial-Time Approximation Scheme

To explain the idea of the FPTAS, we use the problem 1|d; = d|)_ w;T; but this idea
can be easily adapted to the other problems under consideration (see Section 6).

The idea of the FPTAS is as follows. Denote LB = UB/2 and let § = EI;LB = %. To
reduce the time complexity of the GrA, we have to diminish the number of columns

considered, which is the number of different objective function values 0 = b} =
bZQ, b? Y ,b;”‘“ = UB. If we consider not the original values bf but the values bf which

are rounded up or down to the nearest multiple of § values bf , there are no more than

UTB = 2?” different values E Then we will be able to convert the table F(¢) into a similar

table with no more than 4% columns. Furthermore, for such a modified table (function)
F'(t), we will have |F(t) — F'(t)] < 6 < E() 1 we do the rounding and modifica-

n
tion after each Step 3.5. of the GrA, then the cumulative error will be no more than
né < eF(n*), and the total running time of the n runs of the GrA will be O(*%), i.e., an

FPTAS is obtained.




By transforming the GrA, we store the approximated functions FlA(t) in the same
tabular form but without the last row which describes an optimal partial job sequence
7rlk. The data from the last row are stored in a tabular form as described in Step 3.6. (see
below). These n stored tables, corresponding to the n last rows, are used to restore an
approximate job sequence.

FPTAS (as a modification of the GrA).
In the modified GrA, Steps 1, 2, 3.1.-3.5. remain the same. Instead of Step 3.6, we use
the following steps. Assume that we have obtained Table 7 for a function Fj(t) in Step

3.5 with the objective function values bll, bZQ, . ,b;’”“.
Step 3.6. Save Table 8.
We have positionf := 0 if in the partial sequence wf, job [ is the first job and

positionf€ =1, if job [ is the last one (there are only these two possibilities).

Step 3.7. If m; < 4%, then GOTO 3.8. else do the following. Let E denote the result of
rounding the value bf from Table 7 to the nearest multiple of 5. Then we have bl1 < le <

< gL

We modify the table FlA(t) as follows. Assume that, for ki < ko, we have
blTl < b;““ = .. = blTZ < bfzﬂ. We substitute the columns corresponding to the
values blTl7 .. ,bfrl for the two columns presented in Table 9.

Step 3.8. If [l = n, then GOTO 4 else [ := [+ 1 and GOTO 3.
End of the modification of the graphical algorithm.

Let us analyze the substitution proposed in Step 3.7. Let F(t) be the function obtained
after Step 3.4 in the modified algorithm. In fact, the function Fj(¢) was modified in Step
3.7 in the way shown in Fig. 2. Let F/A(¢) describe the modified function.

Lemma 5.1:  For all t € (tP*~ 1, 67271, we have |F/A(t) — Fi(t)] < 6/2.

Proof. It is only necessary to consider the values |Fj(t) — F)(t)| at the break points
tflfl, tfl, e ,tfrl. At these points, the inequality holds and these points are end points
of continuous and piecewise linear segments of the functions F(t) and F/A(2). O

Assume that the functions Fj(t), | =1,2,...,n, are exact and constructed by the orig-
inal GrA. Similarly, FZA(t), [ =1,2,...,n, are the approximated functions constructed
by the modified algorithm (the functions after Step 3.7 of the modified algorithm).

Lemma 5.2: For each I, | = 1,2,...,n, and all t € (—oc,+00), we have |FA(t) —
F@)|<1-§)/2.

Proof. The proof is accomplished by induction. The inequality holds for [ = 1. Assume
that it holds for I — 1, 1 <1 < n, i.e., for t € (—o00,+00), we have |F (t) — Fj_1(t)] <
(I — 1)§/2. Let the functions ®!(¢) and ®%(t) be obtained from the function F;_1(t)
and the functions ¢'(t) and ¢%(t) be obtained from the function F/*,(¢). Then we have
61(6) — @1 (1)] < (L — 1)8/2 and [¢*(1) — 92(1)| < (I — 1)5/2. Thus,

|[F{ () = Fi(t)] < |(min{e'(t),6*(1)} +6/2) — min{®' (1), @*(t)}| < 1-6/2.



So, the lemma is true. O

An approximate job sequence 7’ can be restored by backward recursion from the tables
stored in Step 3.6. of the modified GrA as follows. In the table of the positions of job
n, we determine the column (tf» tF»+1] where th» < 0 < tF»*+1 If we have an optimal
sequence with positionf»T1 = 0, job n is the first job in the schedule and for the position

n
of the job n — 1, we search in the column (tﬁ’ff, ]fL’HH] in the table of the positions of

jobn—1, where tfl":f <pn < tfb’ffﬂ. Otherwise, job n is the last job and for the position

of the job n — 1, we search in the column (tfl’ff,tﬁ’flﬁl], where tfb’ff <0< ti’ff“. We
restore the job sequence /. Continuing in such a way, we restore the job sequence 7’ in

O(nlog(n/e)) time. Let 7* be an optimal job sequence for the chosen straddling job .
Lemma 5.3: The inequality F(7') — F(7*) <n -0 < n%flﬂ) holds.

Proof. According to Lemma 5.1, we prove that |F(n’) — F2(0)| < n - §/2. Furthermore,
according to Lemma 5.2, we have |F4(0) — F,(0)| < n-6/2, where F,(0) = F(x*). From
both propositions we establish that the lemma is true. ]

So, we can conclude the following.

Theorem 5.4: By using the modified graphical algorithm for each x € N, a job sequence
7’ of the type described in Lemma 2.1 will be found in O("?s) time, where F(7') < (1+
e)F(m*).

The running time O("?S) is obtained as follows. The modified GrA is used n times for
each job z € N. The running time of the modified GrA depends on n and the number of
columns in the tables which describe the functions FlA(t). The number of columns does
not exceed O(%).

We note that some of the break points can be fractional. However, since we deal with
approximate solutions, these points can be approximated as well.

6. Algorithms for the Remaining Single Machine Problems

In this section, modifications of the algorithms DPA, GrA and an FPTAS for two special
cases of the problem 1|| > T} and for the problems 1|| Y GT} and 1(no-idle)|| max )  w;T}
are presented.

Lemma 6.1: There exists an optimal job sequence m for the special case B — 1G that
can be represented as a concatenation (G,z, H), where all jobs j € H are tardy and all
jobs i € G are on-time. All jobs from the set G are processed in non-increasing order
of the wvalues p; (longest processing time order, LPT) and all jobs from the set H are
processed in non-decreasing order of the values p; (shortest processing time order, SPT).

Again, the job x is called the straddling job.

Proof. Let in an optimal job sequence ©’ = (m1,1,k,m), job k be the first tardy job.
Then all jobs from the partial sequence my are tardy and processed in SPT order, since
dmaz — Amin < Pmin (Which can be easily proved by contradiction). If S > dyin, then all
jobs in the partial sequence (k,m2) have to be processed in SPT order and the jobs from
71 can be processed in any order (e.g., in LPT order). In this case, [ is the straddling job.
If St < dpmin, then all jobs in the partial sequence (m1,l) can be reordered by the LPT
rule without loss of optimality. In this case, k is the straddling job. U



Lemma 6.2: Lazarev (2007) There exists an optimal job sequence w for the special case
B — 1 that can be represented as a concatenation (G,H). All jobs from the set G are
processed in LPT order and all jobs from the set H are processed in SPT order.

Assume that for cases B — 1 and B — 1G, the jobs are numbered as follows: p; < ps <
coo < pp.

Lemma 6.3: For the special cases B — 1 and B — 1G and a job sequence wgpr =
(1,2,...,n), the following inequality holds: F(mgpr) < 3F(7*).

Proof. Consider a modified instance, where all due dates are equal t0 dyqz- Let F(7) be
the total tardiness value for the modified instance and F'(7) be the value for the original
one. Let in the job sequence mgpr = (1,2,...,k,...,n), job k be the first tardy job
for the original instance and k < n (the case k = n is trivial). It is obvious that the
job sequence mgpr is optimal for the modified instance. The following inequality holds:
F(rspr) < F(n*) < F(rspr)- Furthermore, F(mspr) > F(rspr) — (n —k + 1) - pmin
and F(mgpr) > (n — k) - pin hold. Thus, 3F (rspr) > F(nspr), and the lemma is true.
O

Without loss of generality, we will consider only cases where in a job sequence mgpr at
least two jobs are tardy.

Lemma 6.4: Gafarov et al. (2012b) There ezists an optimal job sequence 7 for the
problem 1|| > GTj that can be represented as a concatenation (G, H), where all jobs j € H
are tardy and GTj(m) = pj. For all jobs i € G, we have 0 < GT;(m) < p;. All jobs from
the set G are processed in EDD (earliest due date) order, and all jobs from the set H are
processed in LDD (last due date) order.

Let for the problem 1|| ) GTj the jobs be numbered as follows: di > dy > --- > d,, and
let 7epp = (n,n—1,...,1). Denote by 7% the maximal late work of a job in the sequence
TEDD, i.e., T* = max;eN{GT;(mepp)}. We remind that GTj(7r) = min{max{0, C;(7) —
dj},p;} and F(m) =3 0 GT;(m).

Lemma 6.5: For the problem 1|3 GTj, the following inequality holds: F(rgpp) <
nF(m*).

Proof. It is easy to show that F(x*) > T*. Furthermore, it is obvious that nT™* >
F(mgpp). So, the lemma is true. O

Lemma 6.6: Gafarov et al. (2010, 2013a) There exists an optimal job sequence T for
the problem 1(no-idle)||max ) w;T; that can be represented as a concatenation (G, H),
where all jobs j € H are tardy and all jobs i € G are on-time. All jobs from the set G

are processed in non-increasing order of the values % and all jobs from the set H are

processed in non-decreasing order of the values %
J

For the problem 1(no-idle)|| max ) w;Tj, the value LB,qerr = maxjen(w; (> i, pi—
d;)) is a lower bound. Then UBy,qu7r = NLBparr is an upper bound on the optimal
objective function value.

To solve these problems, Algorithms 1, GrA and FPTAS can be modified as follows.
For the special case B — 1G:

- DPA. Use the fact described in Lemma 6.1. In Algorithm 1, we number the
jobs according to the order py < p3 < --- < p,. Assume that Fi(t) :=
max{0,p; +t — di}, ®1(t) := max{0,p; +t — d;} + Fi_1(t + p;) and ®%(t) :=



l
Fi_1(t) + max {0, > p; +t—d; p. All other steps of the algorithm remain the
j=1

same. Remember that w; = 1 for all jobs j € N in the problem 1|3 T}. The
running time of the modified Algorithm 1 is O(nd,yq. ). Since it is necessary to con-
sider n straddling jobs € IV, an optimal job sequence can be found in O(n?dqz)
time by using the modified Algorithm 1;

- GrA. The GrA remains the same. The parameters uf denote the number of
tardy jobs which is equal to the total weight of the tardy jobs, since w; = 1 for all
j € N.In addition, assume that UB = F(nwgpr). By using the GrA-I, an optimal
schedule can be found in O(n? min{dq., F*}) time;

- FPTAS. In the FPTAS, assume that § = % Since the GrA is without
changes, the time complexity of the FPTAS based on the GrA for the special
case B — 1G has a running time of O(n?/¢), which is less than the running time
O(n"/e) of the FPTAS for the general case presented in Lawler (1982).

For the special case B — 1:

- DPA. Use the fact described in Lemma 6.2. Algorithm 1 is modified as for the
special case B — 1G. The running time of the modified Algorithm 1 is O(ndnaz)-
Since there is no straddling job, an optimal job sequence can be found in O(nd,,q;)
time by using the modified Algorithm 1 only once;

- GrA. The GrA remains the same as for the special case B — 1G. By the GrA-I,
an optimal schedule can be found in O(n min{d,q., F*}) time;

- FPTAS. The FPTAS remains the same as for the special case B — 1G. Since
there is no straddling job, the FPTAS for the special case B — 1 has a running
time of O(n?/e), which is less than the running time of O(n3logn + n3/e) of the
FPTAS mentioned in Koulamas (2010).

For the problem 1||) GTj:

- DPA. Use the fact described in Lemma 6.4. In Algorithm 1, we number the
jobs according to the order dy > dy > --- > d,. Assume that Fi(t) :=
min{py, max{0, p; +t—dy}}, ®'(t) := min{p;, max{0,p; +t —d;} } + Fi_1(t + p;)

!
and ®2(t) := F}_1(t) + min {pl,max 0,> pj+t— dl}}. The running time of
j=1
the modified Algorithm 1 is O(nd,,q)- Since there is no straddling job, an optimal
job sequence can be found in O(nd,.,) time by using the modified Algorithm 1
only once;

- GrA. The GrA remains almost the same. In addition to the break points ¢ and
-1
t” in Steps 3.1 and 3.2, two new break points 7/ = d; and 7" = d; — )" p; are

7j=1
considered. The slope uf of the function Fj(t) is changed according to the function
min{p;, max{0,p; + t — d; } }. By the GrA-I, an optimal schedule can be found in
O(nmin{dmqz,nF*}) time, since UB = F(mgpp) < nF(r*) and there are at
most 2U B + 2 columns in each table Fj(t) considered in the GrA;

- FPTAS. In the FPTAS, we assume that § = % So, the FPTAS has a
running time of O(n3/¢).

For the problem 1(no-idle)|| max ) w;T}:
- DPA. We use the fact described in Lemma 6.6. In Algorithm 1, we enumerate



the jobs according to the order % < % << %. We assume that Fj(t) :=

wy max{0,p; +t—di}, ®L(t) := wymax{0,p; +t—d;} + Fi_1(t + p;) and ®2(t) :=

l
F_1(t) + w; max {0, pi+t— dl}. Since total tardiness is maximized, we have
i=1
Fi(t) := max{®!(¢),®?(¢)}. The running time of the modified Algorithm 1 is
O(ndpmaz)- Since there is no straddling job, an optimal job sequence can be found
in O(ndpa,) time by using the modified Algorithm 1 only once;

- GrA. The GrA remains the same as for the problem 1|d; = d|) w;T;.
In Step 3.3., we have Fi(t) = max{®!(t),®%(#)}. In Gafarov et al. (2010,
2013a), it is shown that the functions Fj(t) represent continuous, piecewise-
linear and convex functions. By the GrA-I, an optimal schedule can be found
in O(nmin{dpmaz,nF™,> w;}) time.

- FPTAS. In the FPTAS, assume that § = aUB;L"ig”TT So, the FPTAS has a running
time of O(n?/e).

7. Some Further Remarks

Some further graphical algorithms for other single machine problems were presented in
Gafarov et al. (2010). For some of these problems, similar FPTASes can be presented.
If there exists a GrA with a running time of O(n®UB) for a problem, then it is easy

atp .
“—), where UB is

an upper bound which is no more than O(n?) times greater than the optimal objective
function value, computed in O(n?) time, where o, 3, -y are constants. Thus, the running
time of such an FPTAS depends on the relative error of the upper bound found, i.e., on
. For the special cases B — 1, B — 1G and for the problem 1|d; = d| ) w;T}, we have
B =0 but for the remaining problems, we have § = 1, since UB/LB = n.

In Chubanov et al. (2006), Kovalyov (1995), a technique was proposed to improve the
complexities of approximation algorithms for optimization problems. The technique can
be described as follows. If there is an FPTAS for a problem with a running time bounded
by a polynomial P(L, %, %), where L is the problem instance length and UB, LB are
known upper and lower bounds, and the value % is not bounded by a constant, then
the technique enables us to find in P(L,loglog %) time values U By and LBg such that

LBy < F*<UBy < 3LBy, i.e., lggg is bounded by the constant 3. By using such values
UBy and LBy, the running time of the FPTAS will be reduced to P(L, %), where P is
the same polynomial.

If we use this technique for an FPTAS for the problems 1(no-idle)|| max ) w;7}; and
1| 3" GT;, we have a running time of O(n?loglogn + "?2) for the modified FPTAS.

We note that the modified Algorithm 1 (see the end of Section 2) can be considered as
a base for an FPTAS as well. The running time of the modification is restricted by U B
under the assumption that there is only one interval with the same objective function
value Fj(t) although in the proposed FPTAS, there are several intervals with the same
objective function value. So, it seems to be more difficult to transform the modification
into an FPTAS. The running time of such a modification will be increased by the factor
O(log %) in comparison with the FPTAS based on the GrA.

In Table 10, a comparison of Algorithm 1 (classical DPA), GrA and the alternative
DPA is presented. Denote ©; = {x1p1 + zap2 + -+ + xipi|z1, 22, ..., 21 € {0,1}}. Let
tEB ¢ (—o0, +00) be a value with F,(t£5) = LB. In Table 11, some results for the GrA

to construct a similar FPTAS with a time complexity of O(n? +




and the FPTASes are summarized.

In Gafarov et al. (2012b), an experimental analysis of the running time of the graphical
algorithms for two NP-hard single machine problems was presented. According to the
experimental results, for a significant part of the instances considered the number of
columns (i.e., the running time) in the graphical algorithms does not exceed O(n?). We
can conclude that for such instances the modified graphical algorithm (FPTAS) will find
exact solutions. So, the modified graphical algorithms remain exact for a significant part
of the instances.

8. Conclusion

In this paper, FPTAS was presented, which can be used with some simple modifications
for several single machine scheduling problems. This is based on an approach from Gafarov
et al. (2012a, 2010). The idea of such a modification of graphical algorithms enables us to
construct an FPTAS easily. The FPTAS presented has some advantages, e.g., in solving
problems with a variable starting time.

The graphical approach can be applied to problems, where a pseudo-polynomial al-
gorithm exists and Boolean variables are used in the sense that yes/no decisions have
to be made (e.g., in the scheduling problems under consideration, a job may be com-
pleted on-time or not or for a knapsack problem, an item can be put into the knapsack
or not). For the knapsack problem, the graphical algorithm often reduces substantially
the number of points to be considered but the time complexity of the algorithm remains
pseudo-polynomial. However, for the single machine problem of maximizing total tardi-
ness, the graphical algorithm improved the complexity from O(n " p;) to O(n?) Gafarov
et al. (2012a). Thus, the graphical approach has not only a practical but also a theoreti-
cal importance. For future research, it seems to be important to find other applications
of the GrA and to compare it with the best known algorithms not based on dynamic
programming.
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Table 1.: Function Fi(t)
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Table 2.: Function Fj(?)
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Table 3.: Function Fj_1(%)
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Table 4.: Function ®*(¢). Part 1
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Table 5.: Function ®!(t). Part 2
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Table 6.: Function ®-(¢)
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Table 7.: Function Fj(t)
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Table 8.: Positions of job {
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Table 9.: Substitution of columns
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Table 10.: Comparison of the classical DPA, the GrA and the alternative DPA (on the
example of the problem 1|d; = d| ) w;Tj)

Note

Classical DPA

GrA (GrA-I)

Alternative DPA

Can it solve instances with
p; ¢ Z and instances with
large values p;

no

yes

yes

states t considered

all t € [0,d] Z

only ¢, where the slope of
function Fi(t) is changed

only ¢ from the set ©,

The running time for the
initial instance

- of the problem 1|| Y GT}
is

- of the problem 1(no-
idle)|| max > w;T} is

O(nmin{d, UB})
O(ndmaz)

O(nmin{dmae, UB})

O(nmin{d, UB})
O(nmin{dmaz, UB})

O(n min{dmamy UB7 Z w]})

O(nmin{d, UB})
O(nmin{dmaz, UB})

O(nmin{dmae, UB})

It finds all optimal sched- O(nd) O(nd) -

ules for all starting times

t € 0,d] in time

It finds all optimal sched- O(nUB) O(nUB) -

ules for all starting times

t € (—o0,tYP] in time

It finds all optimal sched- O(nF(7’,d)) (see  O(nF(x',d)) -

ules for all starting times Section 3 for the

t € (—00,400) in time definition of F(r’,d)

The running time of the O("—;log 2)) O(n®/e)* O(n®/e)**

FPTAS is

* In this time, for all t € (—oo,t{?] solutions can be found with an absolute error restricted by eLB. For all
te [tﬁB, th], tEB < 0 < tUB | solutions can be found with a relative error restricted by €.
** An approximate solution is only found for the starting time ¢ = 0.



Table 11.: Time complexity of the GrA-I and FPTAS based on the GrA-I

Problem Time complexity of the GrA Time complexity Time com-
of the FPTAS plexity of
the classi-
cal DPA
1] > w;U; O(min{2",n - min{dmae, Fopt }}) Gafarov - O(ndmaz)
et al. (2010)
ld; =d;+A|>U;  O(n®) Gafarov et al. (2010) (GrA) - Oo(n > pj))
1| 3 GT; O(min{2",n - {dmaz,nF*}}) O(n*loglogn + O(ndmaz)
2
=)
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idle)|| max > w; T farov et al. (2010) n2)
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Figure 1.: Function Fj(t) in the GrA and in Algorithm 1
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Figure 2.: Substitution of columns and modification of Fj(t)



