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Abstract—In this paper, we consider two scheduling problems on a single machine, where a
specific objective function has to be maximized in contrast to usual minimization problems.
We propose exact algorithms for the single machine problem of maximizing total tardiness
1∣∣max

∑

Tj and for the problem of maximizing the number of tardy jobs 1∣∣max
∑

Uj. In
both cases, it is assumed that the processing of the first job starts at time zero and there is
no idle time between the jobs. We show that problem 1∣∣max

∑

Uj is polynomially solvable.
For several special cases of problem 1∣∣max

∑

Tj, we present exact polynomial algorithms.
Moreover, we give an exact pseudo-polynomial algorithm for the general case of the latter
problem and an alternative exact algorithm.

DOI: 10.1134/S0005117910100061

1. INTRODUCTION

Typically, in scheduling theory problems are considered where a specific objective function has to
be minimized. For instance, the minimization of makespan is a very popular optimization criterion.
When a sum function is considered, often total completion time, total tardiness or the number of
tardy jobs have to be minimized. In this paper, we consider a single machine problem with two
“opposite” criteria, namely we consider the maximization of total tardiness and the maximization
of the number of tardy jobs.

In detail, the problems under consideration can be formulated as follows. We are given a set
N = {1, 2, . . . , n} of n independent jobs that must be processed on a single machine. Preemptions
of a job are not allowed. The machine can handle only one job at a time. All the jobs are assumed
to be available for processing at time 0. For each job j, j ∈ N , a processing time pj > 0 and a due
date dj are given. A schedule � = (j1, j2, . . . , jn) is uniquely determined by a permutation of the
jobs of set N . We assume that idle times are not allowed (note that otherwise the maximization

problems considered in this paper would be trivial). Let Cjk(�) =
k
∑

l=1
pjl be the completion time

of job jk in schedule �. If Cj(�) > dj , then job j is tardy and we have Uj = 1. If Cj(�) ≤ dj , then
job j is on-time and Uj = 0. The objective is to find an optimal schedule �∗ that maximizes the

number of tardy jobs, i.e., F (�) =
n
∑

j=1
Uj(�). We will denote this problem by 1∣∣max

∑

Uj.

If Cj(�) < dj , then job j is early (in fact, it is completed before the due date) and we set Vj = 1,
otherwise Vj = 0. We will denote by 1∣∣min

∑

Vj the problem of minimizing the number of early
jobs, where idle times between the processing of the jobs are not allowed. There is a relationship

1 This work was supported by DAAD (Deutscher Akademischer Austauschdienst), project no. A/08/80442/Ref. 325
and the Presidium of the Russian Academy of Sciences, programs nos. 15 and 29.
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between problems 1∣∣max
∑

Uj and 1∣∣min
∑

Vj. Let dj , pj ∈ Z for all j ∈ N and � be a real
number with 0 < � < 1. If we set d′j = dj + �, then problems 1∣dj ∣max

∑

Uj and 1∣d′j ∣min
∑

Vj
are identical. If one job is tardy for problem 1∣dj ∣max

∑

Uj in schedule �, then Cj(�) > dj and
Cj(�) > dj + � = d′j , i.e., the job j is not early.

Moreover, let Tj(�) = max
{

0, Cj(�) − dj
}

be the tardiness of job j in schedule �. Denote
Lj(�) = Cj(�)− dj and Ej(�) = max

{

0, dj − Cj(�)
}

. We will denote the problem of maximizing
total tardiness without idle times between the processing of jobs by 1∣∣max

∑

Tj .

In this paper, notation {�} denotes the set of jobs contained in sequence �. Notation i ∈ �
means i ∈ {�}. For � = (�1, i, �2), notation � ∖ {i} means (�1, �2). Notation j → i expresses that
the processing of job j precedes the processing of job i, and notation (j → i)� means that this
holds in schedule �.

It is known that problem 1∣∣min
∑

Uj is polynomially solvable in O(n log n) time by Moore’s
algorithm [1]. Problem 1 ∣ ∣ min

∑

Tj is NP-hard in the ordinary sense [2, 3]. A pseudo-polynomial
dynamic programming algorithm of time complexity O(n4

∑

pj) has been proposed by Lawler [4].
The state-of-the-art algorithms by Szwarc et al. [5] can solve special instances [6] of this problem
for n ≤ 500 jobs.

It is also known that problem 1∣rj ∣Lmax is NP -hard in the strong sense while it has been shown
in [8] that the “opposite” maximization problem 1∣rj ∣max fmin can be polynomially solved for any
non-decreasing functions fj(t) for all j ∈ N in O(n2) time.

On one side, investigations of problems with “opposite” optimization criteria itself are an im-
portant theoretical task. For instance, they can be used for proposing algorithms and deriving
properties of an optimal schedule of this opposite problem which might be taken to compute upper
bounds for the original problems. Algorithms for such problems with opposite optimization crite-
rion can be used to compute parts of optimal schedules for the original problems, or to cut bad
sub-problems in the branching tree of branch-and-bound algorithms. For example, the algorithm
for problem 1∣∣max

∑

Uj can be used to compute the maximal number of tardy jobs, and later
we can use this number to reduce the search for an optimal solution of problem 1∣∣max

∑

Tj (see
Section 3 of this paper). Moreover, we can use the value max

∑

Tj for the computation of lower
and upper bounds for the optimal objective function value of problem 1∣∣(�∑Ej + �

∑

Tj
)

, i.e.,
if � > �, then we can ”fix” the maximal value �

∑

Tj and search for an optimal schedule for
criterion

∑

Ej .

In addition, it is interesting from a theoretical point whether polynomially solvable cases for
the minimization problem are also easy for the maximization case, or vice versa. Moreover, there
are often relationships between the minimization and maximization variants, e.g., between problem
1∣∣max

∑

Uj and the problem of minimizing the number of early jobs 1∣∣min
∑

Vj when idle times
are not allowed.

On the other side, such problems separately have practical interpretations and applications.
For example, an installation team has to mount wind turbines in various regions of a country.
The required time for mounting the turbines in a particular region (which is a job) depends on
the number of turbines (i.e., each job has a particular processing time) and is not dependent on
weather or climatic conditions. However, weather influences some costs (e.g., covering of snow may
increase fuel consumption, the salary of the workers and/or the cost of accommodation for the
workers which might be higher in winter). Such additional costs begin to decrease rapidly after the
snowmelt. For each region of the country (i.e., for each corresponding job), there exists a forecast
in which week snowmelt can be expected (interpreted as a due date). The objective function is
the minimization of these additional costs. In fact, this objective function can be formulated as

max
∑

max
{

0, Sj−d′j
}

, where Sj = Cj−pj and d′j = dj−pj, i.e., problem 1∣∣max
∑

Tj is obtained.
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Another situation arises when the company is considered as a customer, and one wants to know
the worst variant of a schedule, which is computed in a “black box” (e.g., in a plant).

The rest of the paper is organized as follows. In Section 2, we present a polynomial algorithm
for problem 1∣∣max

∑

Uj . In Section 3, we consider the problem of maximizing total tardiness on
a single machine. In particular, we present polynomial algorithms for several special cases of this
problem. First, we adapt in Section 3.1 the elimination rules by Emmons to the maximization
problem. In Section 3.2, we present an overview on polynomially solvable and NP-hard cases
for minimizing total tardiness and we give an overview on the results we present in Section 3
for the maximization case. In Section 3.3, we give several properties of optimal solutions. In
Sections 3.4–3.7, we develop algorithms for polynomially solvable cases of the problem of maximizing
total tardiness. For the general case, an exact pseudo-polynomial algorithm is given in Section 3.8,
and an alternative exact algorithm is given in Section 3.9.

2. A POLYNOMIAL ALGORITHM FOR PROBLEM 1∣∣max
∑

Uj

WITHOUT IDLE TIMES

In this section, we present some properties of an optimal schedule for the problem 1∣∣max
∑

Uj

of maximizing the number of tardy jobs and an algorithm for solving this problem.

Lemma 1. There exists an optimal schedule of the form � = (S,F ), where all jobs j ∈ F are
tardy and all jobs j ∈ S are not tardy.

Proof. Assume that there exists an optimal schedule � = (j1, . . . , jk−1, jk, . . . , jn), where job jk−1

is tardy and job jk is not tardy. Then �′ = (j1, . . . , jk, jk−1, . . . , jn) is also an optimal schedule. Per-
forming such adjacent pairwise interchanges of two jobs repeatedly, we get the schedule � = (S,F ).

Lemma 2. There exists an optimal schedule � = (S,F ), which has no jobs j ∈ F and i ∈ S with
pj > pi and dj ≥ di.

Proof. Assume that there exists an optimal schedule � = (j1, . . . , jk, jk+1, . . . , jl−1, jl, . . . , jn),
where pjl > pjk , djl ≥ djk , Cjl(�) > djl and Cjk(�) ≤ djk . Then schedule �′ = (j1, . . . , jl, jk+1 . . . ,
jl−1, jk, . . . , jn) is also optimal since Cjk(�

′) = Cjl(�) > djl ≥ djk and for all ji = jk+1, . . . , jl−1,
inequality Cji(�

′) ≥ Cji(�) holds since pjl > pjk .

Let dj , pj ∈ Z for all j ∈ N and � be a real number with 0 < � < 1. Now we set rj = dj − pj + �
for all jobs j ∈ N .

Lemma 3. There exists an optimal schedule � = (S,F ), where all tardy jobs jk+1, jk+2, . . . , jn
are processed according to non-decreasing release dates, i.e., rjk+1

≤ rjk+2
≤ ⋅ ⋅ ⋅ ≤ rjn.

Proof. Assume that there exists an optimal schedule � = (�1, i, j, �2), where jobs i and j are
tardy, but rj < ri. It is known that, if job i is tardy, then Ci(�) − pi ≥ ri > rj . Let us consider
schedule �′ = (�1, j, i, �2). We have Cj(�

′)− pj = Ci(�) − pi ≥ ri > rj and Ci(�
′) = Ci(�) + pj >

di + pj > di. Thus, �
′ is an optimal schedule, where both jobs i and j are also tardy.

Algorithm 1.

Step 1. S := ∅;F := N ;

Step 2. We construct a schedule of the form � =
(

js1 , . . . , j
s
k, j

f
k+1, j

f
k+2, . . . , j

f
n

)

. All jobs

from set S = {js1 , . . . , jsk} are processed at the beginning of the schedule. All jobs from set

F =
{

jfk+1, j
f
k+2, . . . , j

f
n

}

are processed according to non-decreasing release dates: r
j
f

k+1
≤

r
j
f

k+2
≤ . . . ≤ r

j
f
n
;

Step 3. In �, we find the last on-time job jfl ∈ F . If there is no such job, then GOTO Step 6;
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Step 4. We select the job j∗ ∈
{

jfl , j
f
l+1, . . . , j

f
n

}

with the largest processing time: pj∗ ≥ pi for

all i ∈
{

jfl , j
f
l+1, . . . , j

f
n

}

;

Step 5. S := S ∪ {j∗}, F := F ∖ {j∗}, GOTO Step 2;

Step 6. An optimal schedule � =
(

js1, . . . , j
s
k, j

f
k+1, j

f
k+2, . . . , j

f
n

)

has been obtained.

STOP.

Lemma 4. Let in schedule � = (j1, . . . , jl, jl+1, . . . , jn), rj1 ≤ rj2 ≤ ⋅ ⋅ ⋅ ≤ rjn, job jl be the last
on-time job. Then there exists an optimal schedule, where job j∗ ∈ {jl, jl+1, . . . , jn}, pj∗ ≥ pi, for
all i ∈ {jl, jl+1, . . . , jn} is on-time.

Proof. Let there be an optimal schedule � = (�1, i, �2, j
∗, �3, �4) , where job j∗ is tardy. It

is obvious that in any schedule, not all jobs jl, jl+1, . . . , jn are tardy (see Lemma 3). Then there
is an on-time job i ∈ {jl, jl+1, . . . , jn}, i ∕= j∗. According to Lemma 3, we assume that all jobs
from set {j∗, �3, �4} are processed according to non-decreasing release dates. If rj∗ ≥ ri, then
rj∗ + pj∗ ≥ ri + pi, i.e., dj∗ ≥ di, and schedule �′ = (�1, j

∗, �2, i, �3, �4) is also optimal. In
schedule �′, job j∗ is not tardy and job i is tardy.

Now, let rj∗ < ri. Assume that we have for all j ∈ {�4}, rj ≥ ri and for all j ∈ {�3}, rj < ri.
Let us consider schedule �′′ = (�1, j

∗, �2, �3, i, �4). For all j ∈ {�2}, we have Cj(�
′′) ≥ Cj(�)

since pj∗ ≥ pi. In schedule �′′, all jobs from {�3}
∪{i}∪{�4} are tardy since in schedule �′′′ =

(�1, �2, j
∗, �3, i, �4), only job j∗ can be on-time according to the conditions of the lemma. Therefore,

schedule �′′ is optimal.

Lemma 5. Algorithm 1 constructs an optimal schedule for problem 1∣∣max
∑

Uj in O(n2) time.

Proof. We prove the lemma by induction. The algorithm is correct for n = 1.

Assume now that the algorithm is correct for n− 1 jobs. We consider an instance with n jobs.
Assume that Algorithm 1 has constructed the schedule � = (S,F ), but there is an optimal schedule
�′ = (S′, F ′) with ∣F ′∣ ≥ ∣F ∣. If we use the algorithm for the n− 1 jobs 1, 2, . . . , j − 1, j + 1, . . . , n
with j = j∗, then we have an optimal schedule (S ∖ {j∗}, F ). Schedule (S′ ∖ {j∗}, F ′) is feasible for
the corresponding instance with n− 1 jobs. Thus, we get ∣F ′∣ ≤ ∣F ∣ and ∣F ′∣ = ∣F ∣.

Such an algorithm for problem 1∣∣min
∑

Vj has been presented for the first time in [9] (unfor-
tunately, no proof was given there).

3. ALGORITHMS FOR PROBLEM 1∣∣max
∑

Tj WITHOUT IDLE TIMES

In this section, we wish to construct an optimal schedule �∗ which maximizes the total tardiness

value F (�) =
n
∑

j=1
max{0, Cj(�) − dj}, where Cj(�) is the completion time of job j in schedule �.

Again, idle times between the processing of jobs are not allowed and the first job starts at time 0.

In the next subsection, we present some rules for eliminating specific solutions from the search
for an optimal solution when maximizing total tardiness.

3.1. Elimination Rules by Emmons

In this subsection, we adapt the elimination rules given by Emmons for the minimization problem
to the maximization problem under consideration. We define Bj as the set of predecessors of job j
in all optimal schedules, and Aj denotes the set of successors of job j in all optimal schedules, i.e.,
Bj = {i ∈ N : i → j in all optimal schedules} and Aj = {i ∈ N : j → i in all optimal schedules}.
Moreover, we define cj =

n
∑

k=1
pk −

∑

i∈Aj

pi and sj =
∑

i∈Bj

pi. Then, we have sj + pj ≤ Cj ≤ cj for all

optimal schedules.
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Table 1. Elimination rules

pj ≥ pi 1∣∣min
∑

Tj pj ≥ pi 1∣∣max
∑

Tj

(i→ j) di ≤ dj (j → i) di ≤ dj
or di ≤ sj + pj or (di > dj and dj > cj)

or (di > dj and di < si + pi)
or (di > dj and di < si + pj)

(j → i) di + pi ≥ cj (i→ j) di > ci − pi
and (di > dj or di > sj + pj) and dj ≤ sj + pj

Lemma 6. If pj ≥ pi and dj ≥ di, or pj ≥ pi, dj < di and dj ≥ cj , or pj ≥ pi, dj < di and
di ≤ si + pj, then there exists an optimal schedule �, for which we have (j → i)�.

Proof. We consider the following three cases.

(a) Let pj ≥ pi and dj ≥ di. Assume that there is an optimal schedule � = (�1, i, �2, j, �3).
For schedule �′ = (�1, j, �2, i, �3), we have F (�′) − F (�) ≥ (

Tj(�
′) − Tj(�)

)

+ (Ti(�
′)− Ti(�)). If

Cj(�
′) > dj , then F (�

′)−F (�) ≥ −
(

pi +
∑

k∈�2

pk

)

+

(

pi +
∑

k∈�2

pk

)

= 0. Otherwise, if Cj(�
′) ≤ dj ,

then F (�′)− F (�) ≥ −max
{

0, Cj(�)− dj
}

+max
{

0, Cj(�)− di
} ≥ 0.

(b) Let pj ≥ pi, dj < di and dj ≥ cj . Assume that there is an optimal schedule � =
(�1, i, �2, j, �3). For schedule �′ = (�1, j, i, �2, �3), we have F (�′) − F (�) ≥ (Tj(�

′) − Tj(�)) +

(Ti(�
′) − Ti(�)) = (0 − 0) + (0 − 0) = 0. (c) Let pj ≥ pi, dj < di and di ≤ si + pj. Assume

that there is an optimal schedule � = (�1, i, �2, j, �3). For schedule �′ = (�1, j, �2, i, �3), we have

F (�′)− F (�) ≥ (Tj(�
′)− Tj(�)) + (Ti(�

′)− Ti(�)) ≥
(

−pi −
∑

k∈�2

pk

)

+

(

∑

k∈�2

pk + pi

)

= 0.

In all cases schedule �′ is also optimal.

Lemma 7. If pj ≥ pi and di > ci − pi and dj ≤ sj + pj, then there exists an optimal schedule �,
for which we have (i→ j)�.

Proof. Assume that there exists an optimal schedule � = (�1, j, �2, i, �3). For schedule �′ =
(�1, i, j, �2, �3), we have F (�

′)−F (�) ≥ (Tj(�
′)−Tj(�))+(Ti(�

′)−Ti(�)) = pi−max{ci−di, 0} > 0.

The following Table 1 compares the elimination rules for the minimization and maximization
problems.

3.2. Special Cases

Some polynomially solvable special cases for the problem of minimizing total tardiness are
summarized, e.g., by Lazarev and Werner [10]. In this subsection, we give an overview on the
results obtained in this paper for the maximization problem, and we compare the results with
those available for the minimization of total tardiness in Table 2.

3.3. Properties of an Optimal Schedule for Problem 1∣∣max
∑

Tj

In this subsection, we present some properties of an optimal schedule for the problem under
consideration.

Lemma 8. There exists an optimal schedule � = (S,F ) = (SPT,LPT ), where all jobs j ∈ F
are tardy and all jobs i ∈ S are on-time. All jobs from the set S are processed in SPT (shortest

AUTOMATION AND REMOTE CONTROL Vol. 71 No. 10 2010
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Table 2. Polynomially solvable and NP-hard special cases

1∣∣min
∑

Tj 1∣∣max
∑

TjSpecial case
P/NP Algorithm P/NP Algorithm

dj = d P SPT P LPT
see Lemma 6

pj = p P EDD P �opt = (1, 2, . . . , n),
d1 ≥ d2 ≥ ⋅ ⋅ ⋅ ≥ dn

Lemma 6

d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, P SPT P LPT
p1 ≤ p2 ≤ ⋅ ⋅ ⋅ ≤ pn Lemma 6

dmax − dmin ≤ 1, pj ∈ Z P O(n2) [10, 11] P O(n3)
Lemma 18

d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, P O(n2) [10, 11] open –
di − di−1 > pi, i = 2, . . . , n

Canonical LG [3] NP-hard O(npmin) [10, 11] P O(n5)
d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, [3] Lemma 20
p1 ≥ p2 ≥ ⋅ ⋅ ⋅ ≥ pn,
dn − d1 ≤ pn, . . .
(see (LG) in 2.5)

Canonical DL [2] NP-hard O(n
∑

pj) [10, 11] P O(n5)
[2] Lemma 21

d1 + p1 ≤ d2 + p2 ≤ ⋅ ⋅ ⋅ ≤ dn + pn, P O(n3) P O(n2)
p1 < p2 < ⋅ ⋅ ⋅ < pn Lemma 22

processing time) order and all jobs from the set F are processed in LPT (longest processing time)
order.

Proof.

(1) Assume that there exists an optimal schedule � = (�1, j, �2, i, �3), where job j is tardy and
job i is on-time. For schedule �′ = (�1, i, j, �2, �3), we have: F (�′) − F (�) ≥ (Tj(�

′) − Tj(�)) +
(Ti(�

′) − Ti(�)) = pi + 0 > 0. Therefore, we have a contradiction since schedule �′ has a larger
value of total tardiness, i.e., �′ is better and � is not optimal.

(2) We consider an optimal schedule � = (S,F ), where all jobs j ∈ F are tardy and all jobs i ∈ S
are on-time. Now we prove that all jobs j ∈ F are processed according to an LPT order. Assume
that there exists an optimal schedule � = (�1, j1, j2, �2), where j1 and j2 are tardy and pj1 < pj2 .
For schedule �′ = (�1, j2, j1, �2), we have F (�′)− F (�) = (Tj1(�

′)− Tj1(�)) + (Tj2(�
′)− Tj2(�)) ≥

pj2−min{pj1 , Tj2(�)} > 0. Therefore, we have a contradiction and � = (�1, j1, j2, �2) is not optimal.

(3) We consider an optimal schedule � = (S,F ), where all jobs j ∈ F are tardy and all jobs
i ∈ S are on-time. Now, we prove that all jobs i ∈ S can be processed in an SPT order in an
optimal schedule. For all jobs i ∈ S, we have di ≥

∑

k∈S
pk, otherwise, if di <

∑

k∈S
pk, then schedule

�′ = (S ∖ {i}, i, F ) is better, and we have a contradiction. Therefore, jobs i ∈ S can be processed
in any order.

Define Umax as the maximal number of tardy jobs for the instance of the problem. Then n−Umax

is the minimal number of on-time jobs. We can compute the value Umax by means of Algorithm 1
in O(n2) time.

AUTOMATION AND REMOTE CONTROL Vol. 71 No. 10 2010
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Let N1 be the set of n − Umax − 1 jobs with minimal processing times, and N2 be the set of
n − Umax jobs with minimal processing times. Define Ni as the set N1

∪{i}, if i /∈ N1, otherwise
Ni = N2.

Lemma 9. If di <
∑

k∈Ni

pk, then there is no optimal schedule, where job i is on-time.

Proof. We prove the lemma indirectly. Assume that there exists an optimal schedule � = (S,F ),
where jobs j ∈ F are tardy and jobs i ∈ S are on-time. Let there be a job i ∈ S with di <

∑

k∈Ni

pk.

Then di <
∑

k∈Ni

pk ≤ ∑

k∈S
pk, and schedule �′ = (S ∖ {i}, i, F ) is better, i.e., F (�′) > F (�).

Lemma 10. If job j is tardy in an optimal schedule, then all jobs i ∈ N, pi < pj, di ≤ dj and
all jobs i ∈ N, pi = pj, di < dj are tardy in this schedule.

Proof. We can prove this lemma in a similar way as Lemma 6, i.e., if job i ∈ N, pi < pj , di ≤ dj
is on-time, then we can interchange jobs j and i.

Lemma 11. If for job j, we have

⎛

⎜

⎝

n
∑

i=1

pi −
∑

k∈{i∈N, pi<pj , di≤dj}
∪

{i∈N, pi=pj , di<dj}

pk

⎞

⎟

⎠
≤ dj ,

then there is no optimal schedule, where job j is tardy.

Proof. From Lemma 8 we know, that all tardy jobs are processed in LPT order. Then by Lemma
10, Lemma 11 holds.

Lemma 12. Let j be the first tardy job in an optimal schedule � = (S, j, F ). Then for each
on-time job i ∈ S, we have di ≥ max{Cj(�)− pj , dj}.

Proof. If for a job i ∈ S we have di < Cj(�)− pj, then job i is tardy in schedule �′ = (S ∖ {i}, i,
j, F ), and we have F (�′) > F (�). If di < dj , then for schedule �′ = (S ∖ {i}, j, i, F ), we have
F (�′) > F (�).

Lemma 13. Let j be a tardy job in an optimal schedule � = (�1, �2, j, �3), where all jobs from �2
are tardy and ∣{�2}∣ = k > 0. Then Tj(�) ≥ kpj .

Proof. If Tj(�) < kpj, then for schedule � = (j, �1, �2, �3), we have F (�′) > F (�).

Renumber the jobs according to the rule: d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, if di = di+1, then pi ≤ pi+1. Let

j be the job with maximal processing time j := argmax

{

di : pi = max
k∈N

pk

}

.

Lemma 14. There is an optimal schedule, where the first tardy job is from the set {1, 2, . . . , j}.
If dj < dj+1, then in all optimal schedules the first tardy job is from the set {1, 2, . . . , j}.

Proof. We prove this lemma indirectly. Let there be an optimal schedule � = (�1, i, �2), where
i > j and job i is the first tardy job. Then job j is on-time in this optimal schedule, since all tardy
jobs are processed in an LPT order in an optimal schedule. Now assume � = (j, �1, i, �2). For
schedule �′ = (�1, i, j, �2), we have F (�′) = F (�) if dj = di, and F (�

′) > F (�) if dj < di.

Denote Ml = {i ∈ N, pi > pl} and Ol = {i ∈ N, i > l}.
Lemma 15. If a job l is the first tardy job in an optimal schedule �, then for each job i ∈Ml we

have
∑

k∈Ml

pk ≤ di.
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The proof is obvious since all tardy jobs are processed in an LPT order in an optimal schedule,
i.e., all jobs i ∈Ml are not tardy.

Lemma16. If a job l is the first tardy job in an optimal schedule � and l=argmax

{

di : pi=max
k∈N

pk

}

,

then
∑

k∈Ol

pk + pl > dl.

We can use Lemmas 9–16 to compute an optimal schedule faster.

3.4. An Exact Algorithm for the Special Case dmax − dmin ≤ 1

Define z = ⌈dmax⌉. The following Algorithm 2 constructs an optimal solution for the special
case under consideration.

Algorithm 2.

Step 1. S := N, F := ∅, Pf := 0;

Step 2. If there is a job j ∈ S with
n
∑

i=1
pi−Pf −pj ≥ z+1, then GOTO Step 3, otherwise GOTO

Step 5;
Step 3. We select a job j∗(S) ∈ S with minimal processing time pj. If there are several such jobs,

then among these jobs, we select one with minimal due date dj :

j∗(S) = argmin
j∈S

{

dj : pj = min
i∈S

pi

}

.

Step 4. S := S ∖ {j∗(S)}, F := F
∪{j∗(S)}, Pf := Pf + pj∗(S), GOTO Step 2;

Step 5. Now we can choose only three tardy jobs. For each triple of jobs j1, j2, j2 ∈ S, we con-
sider all schedules of the form �′ = (�1, �

123, �2), where {�1}= S ∖ {j1, j2, j3}, {�2}= F,
{�123} = {j1, j2, j3} and all jobs in F are processed in an LPT order. Then we select the
best schedule among ∣S∣(∣S∣ − 1)(∣S∣ − 2) schedules considered.

Lemma 17. If
n
∑

i=1
pi − pj∗(N) ≥ z + 1, then there is an optimal schedule, where job j∗(N) is the

last tardy job.

Proof. Let j∗ = j∗(N). Moreover, assume that there exists an optimal schedule � =
(�1, j

∗, �2, �, i). If pj∗ = pi, dj∗ ≤ di, then schedule �′ = (�1, i, �2, �, j
∗) is also optimal.

If pj∗ < pi, then job j∗ is not tardy in schedule �. We consider schedule �′ = (�1, i, �2, �, j
∗).

We have:

(a) If Ci(�
′) ≤ di, then Ti(�

′)− Ti(�) = −
n
∑

k=1
pk + di, Tj∗(�

′)− Tj∗(�) =
n
∑

k=1
pk − dj∗ , T�(�

′)−
T�(�) ≥ 1 since pi ≥ pj∗ + 1 (pj ∈ Z for all j ∈ N).
Then F (�′) − F (�) ≥ (Tj∗(�

′) − Tj∗(�)) + (Ti(�
′) − Ti(�)) + (T�(�

′) − T�(�)) ≥ 0 since
dmax − dmin ≤ 1.

(b) If Ci(�
′) > di, then Ti(�

′) − Ti(�) = − ∑

k∈�2

∪

{�,j∗}

pk, Tj∗(�
′) − Tj∗(�) ≥

∑

k∈�2

∪

{�,j∗}

pk − 1

since dmax − dmin ≤ 1.
Moreover, T�(�

′)−T�(�) ≥ 1 since pi ≥ pj∗+1 (pj ∈ Z for all j ∈ N). Then F (�′)−F (�) ≥ 0.

Lemma 18. Algorithm 2 constructs an optimal schedule in O(n3) time.

Proof. The optimality of Steps 3–4 results from Lemma 17. The time complexity of Step 5
is O(n3).
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3.5. An Exact Algorithm for the Special Case “Canonical LG”

We consider the following special case (see [3]):

⎧























































⎨























































⎩

p1 > p2 > ⋅ ⋅ ⋅ > p2n+1

d1 < d2 < ⋅ ⋅ ⋅ < d2n+1

d2n+1 − d1 < p2n+1

p2n+1 = n3b

p2n = p2n+1 + b

p2i = p2i+2 + b, i = n− 1, . . . , 1

p2i−1 = p2i + �i, i = n, . . . , 1

d2n+1 =
n
∑

i=1
p2i + p2n+1 +

1

2
�

d2n = d2n+1 − �

d2i = d2i+2 − (n− i)b+ �, i = n− 1, . . . , 1

d2i−1 = d2i − (n− i)�i − "�i, i = n, . . . , 1,

(LG)

where

�1, �2, . . . , �n ∈ Z, � =
n
∑

i=1

�i, b = n2�, 0 < " <
mini �i
maxi �i

.

We define

N = {1, 2, . . . , 2n, 2n + 1} = {V1, V2, . . . , V2i−1, V2i, . . . , V2n−1, V2n, V2n+1}.

Lemma 19 [3]. For case LG, there are either n or n+ 1 tardy jobs in each schedule.

Lemma 20. For case LG, we can construct an optimal schedule with O(n5) operations.

Proof. Here, we give only a sketch of the proof (for the detailed proof, the reader is referred
to [12]). Without loss of generality, we consider only the case when n ≥ 2. First, we can show that
in all optimal schedules, job V2n+1 is processed in the last position. Next, one can show that in
the last positions of all optimal schedules, there are processed (⌊n2 ⌋ − 1) tardy jobs with minimal
processing times. Then we can prove that the first n− (⌊n2 ⌋+2) tardy jobs in all optimal schedules
are the jobs with maximal processing times (and minimal due dates). For this reason, we know at
least n− 3 tardy jobs in an optimal schedule. Therefore, we must choose at most 4 further tardy
jobs since for this special case, there are either n or n + 1 tardy jobs in all schedules. Thus, we
have to consider at most O(n4) schedules. The time complexity of this part is O(n5).

3.6. An Exact Algorithm for the Special Case “Canonical DL” [2]

For this special case we have 3n̄+ 1 jobs:

N = {V1, V2, . . . , V2i−1, V2i, . . . , V2n̄−1, V2n̄,W1,W2, . . . ,Wn̄+1},

where

b1 ≥ b2 ≥ ⋅ ⋅ ⋅ ≥ b2n̄, bi ∈ Z, i = 1, 2, . . . , 2n̄, � =
1

2

n̄
∑

i=1

(b2i−1 − b2i), and b = (4n̄ + 1)�.
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Moreover,

a1 = b1 + (9n̄2 + 3n̄)� + 5n̄(b1 − b2n̄),

a2 = b2 + (9n̄2 + 3n̄)� + 5n̄(b1 − b2n̄),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a2i−1 = b2i−1 + (9n̄2 + 3n̄− i+ 1)� + 5n̄(b1 − b2n̄),

a2i = b2i + (9n̄2 + 3n̄ − i+ 1)� + 5n̄(b1 − b2n̄),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

a2n−1 = b2n−1 + (9n̄2 + 2n̄+ 1)� + 5n̄(b1 − b2n̄),

a2n = b2n + (9n̄2 + 2n̄ + 1)� + 5n̄(b1 − b2n̄).

pVi
= ai, 1 ⩽ i ⩽ 2n̄;

pWi
= b, 1 ⩽ i ⩽ n̄+ 1;

dVi
=

{

(j − 1)b+ � + (a2 + a4 + ⋅ ⋅ ⋅+ a2j) if i = 2j − 1
dV2j−1 + 2(n̄ − j + 1)(a2j−1 − a2j) if i = 2j,

dWi
=

{

ib+ (a2 + a4 + ⋅ ⋅ ⋅ + a2i), 1 ⩽ i ⩽ n̄
dWn̄ + � + b, i = n̄+ 1.

Lemma 21. For the special case “Canonical DL,” we can construct an optimal schedule in O(n5)
time.

Proof. Again, we give only a sketch of the proof and refer the reader to [12] for a detailed
proof. Without loss of generality, we consider only the case when n̄ ≥ 3. It is obvious that in each
schedule, at least n̄ jobs from set {V1, V2, . . . , V2i−1, V2i, . . . , V2n̄−1, V2n̄} are tardy. For the proof,
it is sufficient to restrict to schedules of the form � = (S,F ) = (SPT,LPT ). We consider the
properties of “stable” schedules. A schedule � = (S,F ) is stable, if for each on-time job j ∈ S in
schedule �, we have dj ≥

∑

i∈S
pi. Recall that S denotes the set of on-time jobs. It is obvious that all

optimal schedules are stable. Now we investigate the maximal number k of on-time jobs from set
V̄ = {V1, V2, . . . , V2i−1, V2i, . . . , V2n̄−1, V2n̄} in a stable schedule. The largest set S (with a maximal

number of elements) consists of jobs Vj, Vj+1, . . . , V2n̄. Then PS =
2n̄
∑

i=j
pVi

> (2n̄− j + 1)a2n̄. Thus,

inequality k ≤ ⌈23 n̄⌉ must hold.

Then, we can show that in all optimal schedules, all jobs Wj, j = 1, . . . , n+1, are processed at
the end of the schedule. This can be proven indirectly.

For an optimal schedule, we also must have the following property: let i be the last tardy job
from set V̄ = {V1, V2, . . . , V2j−1, V2j , . . . , V2n̄−1, V2n̄} in an optimal schedule �∗ = (�1, i, �2). Assume
that in schedule �∗, there are k on-time jobs. Then, before job i in an optimal schedule, there are
2n̄ − k − 1 tardy jobs from set V̄ . Thus, i ≥ 2n̄ − k since all tardy jobs are processed according
to an LPT order. We must have F (�∗) > F (� = (i, �1, �2)) since �

∗ is optimal, i.e., we must have
Ci(�

∗)− di ≥ (2n̄− k− 1)pi ⇒ (a1 + a3 + ⋅ ⋅ ⋅+ a2n̄−1)+ (a2 + a4 + ⋅ ⋅ ⋅+ a2n̄)− di ≥ (2n̄− k− 1)ai.
Thus, inequality k > 2

3 n̄− 1 must hold.

Summarizing, for each stable schedule, we must have 2
3 n̄−1 < k ≤ ⌈23 n̄⌉ and therefore, k = ⌈23 n̄⌉

or ⌊23 n̄⌋. Thus, we must select k on-time jobs and process them at the beginning of the schedule.
Then we investigate the minimal number i of a job Vi, which can be on-time in a stable schedule
(

di ≥
∑

l∈S
pl

)

.
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For all possible situations (k = ⌈23 n̄⌉ or ⌊23 n̄⌋, i is even or odd) we get similar results. For
example, for k = ⌊23 n̄⌋ and i is odd, we have i ≥ ⌊43 n̄⌋ − 3. We must select ⌊23 n̄⌋ jobs from
the 2n̄ − ⌊43 n̄⌋ + 3 shortest jobs from the set {V1, V2, . . . , V2i−1, V2i, . . . , V2n̄−1, V2n̄}. There are at
most n̄4 combinations. Thus, we can investigate these combinations (and the resulting schedules)
in O(n5) time.

3.7. An Exact Algorithm for the Special Case
d1 + p1 ≤ d2 + p2 ≤ ⋅ ⋅ ⋅ ≤ dn + pn, p1 < p2 < ⋅ ⋅ ⋅ < pn

Without loss of generality, let di <
n
∑

j=1
pj for all i ∈ N . This special case can be solved by the

following algorithm.

Algorithm 3.

Step 0. P :=
n
∑

j=1
pj, N̄ := N, S := ∅, � = (), Π := ∅.

Step 1. WHILE for each job j ∈ N̄ , there is a job i ∈ N̄ ∖ {j} such that di < P − pj DO
Step 1.1. We select one job j∗ ∈ N̄ with minimal processing time.
Step 1.2. � = (j∗, �), P := P − pj∗, N̄ := N̄ ∖ {j∗}.
Step 1.3. FOR each job i with di ≥ P DO N̄ := N̄ ∖ {i}, S̄ := S̄

∪{i}.
Step 2. WHILE there is a job j ∈ N̄ such that another job i ∈ N̄ ∖{j} exists for which di < P−pj

DO
Step 2.1. We investigate all schedules �′ = (�1, l, �), where �1 = (N̄ ∖ {l})∪ S, and job l such

that di ≥ P − pl for all i ∈ N̄ ∖ {l}. We include the best schedule �′ into the set Π.
Step 2.2. We select one job j∗ ∈ N̄ with minimal processing time.
Step 2.3. We investigate all schedules �′′ = (�1, l, j

∗, �), where �1 = (N̄ ∖ {l, j∗})∪ S, di ≥
P − pl − pj∗ for all i ∈ N̄ ∖ {l, j∗}. We include the best schedule �′′ into the set Π.

Step 2.4. We keep only the best schedule in set Π.
Step 2.5. � = (j∗, �), P := P − pj∗, N̄ := N̄ ∖ {j∗}.
Step 2.6. FOR each job i with di ≥ P DO N̄ := N̄ ∖ {i}, S̄ := S̄

∪{i}.
Step 3. Now, we can select additionally at most one tardy job. We select job j ∈ N̄ with the

minimal due date dj and construct the schedule � = (�1, j, �), �1 = (N̄ ∖{j})∪ S. Then
we compare schedule � with the schedule from set Π and select the better one.

Lemma 22. Algorithm 3 constructs an optimal schedule for this special case in O(n2) time.

Proof. It is known that, if pi < pj and di ≤ dj , then there is an optimal schedule �, where (j → i)�
(see Emmons’ rules). If there is a schedule � = (�1, i, �2, �, j, �3), where pi < pj, di > dj, job i is
on-time, jobs �, j are tardy, then for schedule �′ = (�1, j, �2, �, i, �3) we have F (�′) − F (�) ≥ 0
since T�(�

′)−T�(�) = pj −pi, (Tj(�)−Tj(�′))− (Ti(�
′)−Ti(�)) ≤ di−dj, and di+pi ≤ dj +pj ⇒

di − dj ≤ pj − pi. This fact proves the optimality of Steps 1, 2.3 and 2.6 of the algorithm. It is
obvious that the time complexity of Algorithm 3 is equal to O(n2).

3.8. An Exact Algorithm for Problem 1∣∣max
∑

Tj

This algorithm is based on Lemma 8, i.e., there is an optimal schedule � = (S,F ) = (SPT,LPT ),
where all jobs j ∈ F are tardy and all jobs i ∈ S are on-time.

Algorithm 4.

Step 1. We enumerate the jobs as follows: p1 ≥ p2 ≥ ⋅ ⋅ ⋅ ≥ pn. If pi = pi+1, then di ≥ di+1.

Step 2. �1(t) := (1), F1(t) := max{0, p1 + t− d1} for all t ∈ Z with t ∈
[

0,
n
∑

j=2
pj

]

.
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Step 3. FOR l := 2 TO n DO

FOR t := 0 TO
n
∑

j=l+1
pj (t ∈ Z) DO

�1 := (l, �l−1(t+ pl)), �
2 := (�l−1(t), l);

F (�1) := max{0, pl + t− dl}+ Fl−1(t+ pl);

F (�2) := Fl−1(t) + max

{

0,
l
∑

j=1
pj + t− dl

}

;

Fl(t) := max{F (�1), F (�2)};
�l(t) := argmax{F (�1), F (�2)}.

Step 4. We have obtained an optimal schedule �n(0) with the optimal function value Fn(0).

Theorem 1. Algorithm 4 constructs an optimal schedule in O(n
∑

pj) time.

Proof. We prove the theorem indirectly. Assume that there is an optimal schedule of the form
�∗ = (SPT,LPT ), where F (�∗) > F (�n(0)) = Fn(0).

Let �′ := �∗. For each l = 1, 2, . . . , n, we successively consider the part �̄l ∈ �′, {�̄l} =

{1, . . . , l} of the schedule. Let �′ = (��, �̄l, ��). If �̄l ∕= �l

(

t =
∑

i∈��

pi

)

(for the notation, see

the last row in Step 3 of Algorithm 4), then �′ :=

(

��, �l

(

∑

i∈��

pi

)

, ��

)

. It is obvious that

F ((��, �̄l, ��)) ≤ F

((

��, �l(
∑

i∈��

pi), ��

))

, and so on. At the end, we have F (�∗) ≤ F (�′) ≤

Fn(0). Thus, schedule �n(0) is also optimal.

Obviously, the time complexity of Algorithm 4 is equal to O(n
∑

pj).

For a practical realization of the algorithm, we can use the idea from [13]. As computational
experiments for the partition problem show, for a substantial part of instances, the time complexity
time is polynomially bounded which might also be expected for the problem under consideration.

3.9. An Alternative Exact Algorithm for Problem 1∣∣max
∑

Tj

Renumber the jobs according to the rule: d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, if di = di+1, then pi ≤ pi+1 (EDD

order). Let j∗ be the job with maximal processing time j∗ := argmax

{

di : pi = max
k∈N

pk

}

. Denote

by jf the first tardy job in an optimal schedule � = (S,F ) and let P (A) =
∑

i∈A
pi.

According to Lemmas 9 and 12 we know that for all on-time jobs i ∈ S, we have di ≥
max

{

djf ,
∑

k∈S
pk

}

, where
∑

k∈S
pk = Sjf (�), where Sjf(�) is the starting time of job jf in schedule �.

We know that a job j can be the first tardy job only when there is no job k with k < j,
dk < dj, pk > pj (see Lemma 14). Let J = {j1, j2, . . . , j∗}, is the set of jobs that can be the
first tardy job in an optimal schedule, where N = {1, 2, . . . , j1 − 1, j1, j1 + 1, . . . , j2, . . . , j

∗, . . . , n}.
If jk ∈ J and jl ∈ J, jk < jl, then Sjk < djl in all optimal schedules, where jk is the first tardy
job. Then for each job jk ∈ J , we can consider all situations characterized by Sjk ∈ (d�, d�+1],
� = jk, jk + 1, . . . , jk+1 − 1 and Sjk ∈ (djk − pjk , djk ], where Sjk is the starting time of job jk in an
optimal schedule. It is obvious that there exists a situation (jk, Sjk) possibly corresponding to an
optimal schedule, where jk ∈ J is the first tardy job, and Sjk ∈ (d�, d�+1], � = jk, jk+1, . . . , jk+1−1
or Sj ∈ (djk − pjk , djk ]. We can consider each of these situations separately. There are at most n
such situations.
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Fig. 1. EDD order and choice of a situation for an optimal schedule.
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Fig. 2. Branch function and sets of jobs

If we assume that jk ∈ J is the first tardy job and Sjk ∈ (d�, d�+1] in an optimal schedule, then
all jobs (1, . . . , �) are tardy, too. Without lost of generality, we can set djk := d�+1 and consider a
new instance with a modified due date djk (see Fig. 1 with an EDD schedule).

We propose the following algorithm.

Algorithm 5.

Step 1. Compute j∗ := argmax

{

di : pi = max
k∈N

pk

}

and the set J = {j1, j2, . . . , j∗} of jobs that

can be the first tardy job.
Step 2. FOR each job jk ∈ J DO:

We consider each interval (d�, d�+1], � = jk, jk + 1, . . . , jk+1 − 1 and (djk − pjk , djk ]
separately. Let Sjk ∈ (d�, d�+1]. We set F := {i ∈ N, di < d�+1}

∪{jk}, S := {i ∈ N,
pi > pjk} and SF := N ∖ F ∖ S. For this situation, we get an optimal schedule � =
BranchFunction(F, S, SF, jk , �). Now we compare this schedule with the current best
schedule.

BranchFunction(F, S, SF, jk, �)

(1) For each job i ∈ F
∪

SF , we define the sets of jobs F−Ai = {j ∈ F, pj ≥ pi}, F−Bi = {j ∈ F,
pj < pi}, SF−Ai = {j ∈ SF, pj ≥ pi} and SF−Bi = {j ∈ SF, pj < pi} (see Fig. 2).

(2) Elimination rule 1. If for job j ∈ F , there is a job k ∈ SF−Bj such that dk − dj <
∣F−Aj ∣(pj − pk), where ∣F−Aj∣ is the number of elements in set F−Aj , then F := F

∪{k},
SF := SF ∖ {k}. The proof is obvious. If in an optimal schedule �, job k is on-time
and j is tardy, then we can exchange these jobs and for the resulting schedule �′, we have
F (�′) > F (�).

(3) Elimination rule 2. If for job j ∈ F , there is a job k ∈ SF−Bj such that dk ≥ dj , then
F := F

∪{k}, SF := SF ∖ {k}.
(4) Elimination rule 3. It is known that for the situation (F, S, SF, jk, �), inequality Sjk ≤ d�+1

holds. If for all k ∈ SF−Ai

∪

F−Ai, where d�+1 + P (SF−Ak) + P (F−Ak) + pk ≥
n
∑

j=1
pj −

P (SF−Bi)−P (SF−Bi), we have di−dk < ∣F−Ak∣(pk−pi), then F := F
∪{i}, SF := SF ∖{i}.

(5) Elimination rule 4. If for all k ∈ SF−Bi

∪

F−Bi, where d�+1 + P (SF−Ai) + P (F−Ai) ≥
n
∑

j=1
pj − P (SF−Bk) − P (SF−Bk) − pk, we have dk − di > ∣F−Ai

∪

SF−Ai∣(pi − pk), then

F := F
∪{i}, SF := SF ∖ {i}.
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(6) We construct the schedule � = (SPT,LPT ). All jobs from set S are processed at the
beginning of the schedule. All jobs from sets F and SF are processed at the end of the
schedule in an LPT order. If all jobs from sets F and SF are tardy in the schedule, then
RETURN �.

(7) Let l ∈ F
∪

SF be the last on-time job in schedule �. It is obvious that there is no optimal
schedule, where all jobs from set l

∪

SF−Bl

∪

F−Bl are tardy. Therefore, we must choose one
job i from set SF−Bl (or from set SF−Bl

∪{l}, if l ∈ SF ) and put it into set S.

(8) Let i ∈ SF−Bl (or i = l, if l ∈ SF ) be the job with the maximal processing time from set
SF−Bl (or i = l, if l ∈ SF ).

(9) We compute

�1 = BranchFunction
(

F
∪

{i}, S, SF ∖ {i}, jk , �
)

and

�2 = BranchFunction
(

F, S
∪

{i}, SF ∖ {i}, jk, �
)

and RETURN the best schedule from �1 and �2.

4. CONCLUDING REMARKS

In this paper, we derived a polynomial solution algorithm for the problem of maximizing the
number of tardy jobs 1∣∣max

∑

Uj (when the first job starts at time zero and there is no idle time be-
tween the jobs). For the single machine problem of maximizing total tardiness 1∣∣max

∑

Tj, we con-
structed a pseudo-polynomial solution algorithm. For several special cases of problem 1∣∣max

∑

Tj ,
we presented exact polynomial algorithms.
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